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XXIV. On Sphmcal Motion. By the Rev, Charles Vv'ildbore 5 
communicated by Earl Stanhope, F. R. S, 



Read June 24, 1 790. 

THIS Paper, which has coft me much pains in patient 
inveftigation, is occafioned by that of Mr. Landen, in 
the Philofophical Tranfadioiis, Vol. LXXV. Part If. I am 
no ftranger to this gentleman's great judgement and abilities in 
thefe abftrufe fpeculations, but have a very high opinion of 
both ; yet I could not but think it ftrange, that two fuch ma- 
thematicians as M. d'Alembert and M. L. Eulek. fhould 
both follow one another on the fame fubjed;, both agree, and 
flill not be right. I therefore refolved to try to dive to the 
bottom of their folutions, which thofe who are acquainted with 
the fubjeA know to be no light talk; and, if poffible, to give 
the foi^ition, independent of the perplexing confideration of a 
momentary axis changing its place both in the body and in 
abfolute fpace every inftant ; and which I look upon as not ab- 
folutely effentiai to the determination of the body's motion: 
But finding that I could not thus fo readily fhew the agree- 
ment or difagreemeut of my couclufions with thofe of the gen- 
tlemen who have preceded me in this enquiry ; I have alfo 
added the inveftigation of the properties of this axis. And I 
fuppole it %viil be found, that 1 have added maily properties 
unknown before, or at leaft unnoticed by any of them. 
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M. Landen's very imporjtant difcovei*y, that every body, 
be its form ever fo irregular, will revolve in the fame manner 
as if its mafs were equally divided and placed in the eight 
angles, or difpofed in the eight octants of a regular parallelo- 
pipedon, whofe moments of inertia round its three permanent 
axes , are the fame as thofe of the body, ferves admirably to 
fhorten the invefl:igation, and render the folution perfplcuous. 
I have therefore here taken its truth for granted, becaufe it is 
alfo exadtly agreeable to the folutions of the other gentlemen, 
and faves the trouble of repeating what they have done before. 
I have alfo (hewn wherein, and why, his folution differs from 
theirs, and proved, as I think, undeniably, in what refpecls it 
is defeftive. 

That the inertia^ or, as M. Euler calls it, the momentum' 
of inertia, is equal to the fluent or fum of every particle of the 
body drawn into the fquare of its diflance from the axis of 
motion; and the determination of the three permanent axes,r 
or the demonftration that there are, at leaft, three fuch axes in 
every body, round any one of which, if it revolved, the velo- 
city would be for ever uniform, I have alfo taken for granted, 
becaufe thefe things have been proved before, and all the gen- 
tlemen are agreed in them. Difficulties that occurred I have 
not concealed, but fliewn how to obviate, and endeavoured to 
place the truth in as clear a light as pofiible ; which to difco- 
ver is my wifh, or to welcome it by whomfoever found. 

PROPOSITIONI. 

Whilft a globe, whofe centre is at reft, revolves with a 

given velocity about an axis pafTing through that centre, to 

Vol. LXXX. T 1 1 find 
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find with v/hat velocity any great circle on the furface, but 

oblique to that axis, moves along itfelf. 

Let I (Tab. XX. fig. i.) be the centre, and BL^ the axis round 
which the globe revolves with a velocity = c meafured along the 
great circle GH, whole plane is perpendicular to that axis, and 
HSGi any great circle whofe plane is oblique to the axis, ESF 
and eyf two lefler circles of the fphere parallel to the great cir- 
cle GH, and touching HSGi in S and s ; then, as the radius 
Bl which may be luppofed unity \ c v. the radius of the lefs 
circle ESF= the fine of the arc BE or BS : the velocity along 
the circle ESF = the abfolute velocity of the point S on the 
furface of the globe: but the point S is alfo upon the great 
circle GSHt, and therefore this is alfo equal to the velocity of 
the point s along the great circle GSHj ; and for the fame 
reafons the point S, which is diametrically oppofite to S on the 
furface, has alfo the fame velocity. Let P be any other point 
in the great circle GSHj; then, finceas the' globe revolves the 
diftances SP and sV always continue invanable, the velocity of 
the point P hi the circle HPS in the diredion of the periphery 
of the' circle itfelf muft be equal to that of S and s ; and is 
therefore the velocity of t'ifij point of this circle along its 
own periphery. 

Corollary i. Hence it follows, that in whatfoever manner a 
globe revolves, its velocity meafured on the fame great circle on 
its furface mufl be the fame at the fame time at every point of 
the periphery of that circle. 

Corollary 2. Confequently, howfoever the plane of a great 
circle varies its motion, the velocity at any inftant is at every 
point of the periphery equal along its own plane. 
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The points S and j, Where a great circle from the poles B 
and b of the natural luns cuts any great circle GSHi (at right 
angles) I call the -nodes of that great circle. 

Corollary 3. If O be the pole of the great circle HSG,f, then 
the globe may be conlidered as naovlhg round the axis whole 

pole is O with a velocity = c x ^-^ - ^ — , whilfl the pole O is car- 
ried along the leffer circle ADA, which is parallel to the mid- 
circle GH with a velocity = c x ~:r- = c x ^^~— ; and this, 

way of confidering the motion, which is ufeful in what 
follows, comes to the very fame as the motion along the 
great or midcircle GH with the velocity = c, becaufe c' x 

-^^+/x ~"j~ = <r\ Confequently, the fum of the fquares 

of the velocities at the node and pole of any great circle upon 
a fpherical furface thus revolving, Is equal to the fquare of the 
velocity round the natural (or momentary) axis BI^. 

Corollary 4. Since the pole O is at 90° diftance from the node 
S, its motion can have no efFe£t at S or s, the motion at the 
nodes, therefore, of the great circle HSGi is that of the great 
circle along its own proper plane ; but any other point, as P, 
partakes both of the motion along the circle, and the motion 
of its pole. The diredion of its motion being along the leffer 
circle P/, parallel to FSE, and its velocity therein = 

c xi^; the velocity of P therefore, in the direaion of the 

great circle OP, which is perpendicular to SP in P, is = 

c ^r^5 - ^' ), and along the great circle BP its velocity = o. 

Ttt2 PROPO- 
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PROPOSITION II. 



Suppofing the centre of a fphere to be at reft, whilft the 
furface moves round it in any manner whatfoever ; then, if the 
fame invariable point O, confidered as the pole of an axis of 
the fphere, be itfelf in motion, the angular velocity of the 
fpherical furface about that axis will be unequable, or that of 
one point therein different from that of another. 

For, let I (fig. 2.) be the centre of the fphere; draw the 
great circle POF perpendicular to the direction of the motion 
of the furface at O ; then muft the pole of this motion necef- 
farily be in fome point P of this great circle POF. Let FC 
be the great circle whofe pole is P, and LQ that whofe pole is 
O ; then, the velocity of any point F of the great circle FC 
muft, by the preceding propofition, be equal to that of any 
other point H thereof. Let that velocity be reprefented by the 
equal arches FG and HK, and from the pole O draw the great 
circles OGM, OHN, and OKA, cutting the great circle LQ^ 
in M, N, and A ; then muft LM reprefent the angular velo- 
city of the point F about the axis 10, and NA that of the point 
H. But, by Prop. 9. Lib. III. Theodosii Sphericorum, LM 
is greater than NA ; and confequently the angular velocity of 
the point F about lO is greater than that of H ; and confe- 
quently the angular velocity of the furface about the axis lO is 
unequable. 

Corollary. Hence, about whatever axis the angular motion of 
a fphere is equable, the pole of that axis, and confequently 
the axis itfelf, muft be at reft at the inftant. Different motions 
may have different correfpondent poles, and confequently, 
when the motion is variable, the place of the pole of equable 

motion 
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motion on the furface may vary,; but whatever pohit on the 
furface correfponds with that pole muft at the inftant be at 
reft. 



PROPOSITION III. 

Let ABC (fig. 3.) be an o(9:ant of a fpherical furface in mo» 
tipn, while the centi-e is at reft; and let the velocity of the 
great circle BC in its own plane = ^, and in a fenfe from B 
towards C ; that of CA in the fenfe from C towards A = /^, 
and of AB from A towards Brrc. If thefe three velocities 
a, b, and c, be conftant, the fpherical furface will always re- 
volve uniformly about the fame axis of the fphere at reft in 
abfolute fpace. 

For, let ABC, abc^ be two pofitions of the revolving oftant 
indefinitely near eqch other, Aa, Bb, and Cc, the tracks of A, 
B, and C, in abfolute fpace. Perpendicular to A« draw the 
great circle SO A, and perpendicular to B/^ the great circle BOQ, 
cutting SO A in O and CA in Q.; then, becaufe ha is indefi- 
nitely fmall, the two triangles hpa right-angled at p, and a^Aq 
right-angled at A may be confidered as plane ones, and are 
therefore fimilar ; and iince the angles pAQ and qAa are both 
right ones, taking away qAp, which is common, the angles 
pAa^ qAQ, muft be equal; but as /A : pa :: c: b, likewife 
pA : pa :: C paA : L pAa, and paA=pAq, pAa = qAQ; con- 
fequently, as f. pAg : f. §'AQ :: c : b, that is, the fines of the 
angles BAS and CAS are proportional to the velocities along 
AB and CA; confequently, the fines of the arches SB and SC 
which are the meafures of thofe angles muft be in the fame 
ratio. In like manner it appears, that as f. CQ : f. AQ :.: 
4 ^ 
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a:c','.L CBO : f. ABQ. Moreover, f. SOB ; radius :: f. SB 
: f. BO :: f. AQ : f. AG. Through C and O draw the great 
circle COR; then, as f. AO : radius :: f. Oi\R : f. OR :: f. 
OAQ : f. OQ, or f, OR : f. OQ^:: f. OAR : f. OAQ :: c : b, 
and for a like reafon, f. OR : f. OS :: f. OBR : f. OBS -.'. c -. a, 
that is, f. OR : c :: r. OQ : ^ :: C OS : ^, or f. OQ : f. OS :: 
b:ay but f. OQ : f. OS :: f. OCQ^f. AR : f. OCS = f. BR, 
or f. AR : (. BR :: b : a. Novv:, <^<: is ultimately perpendicular 
to AC in d, fo the triangle Cdc being right-angled at d, the fum 
of the angles Ccd, cCd muft be = a right one, and their fines are 
in the ratio of C</: cd, or oi b: a; but the fum of the angles OCQ, 
OCS, is alfo a right one, and their fines alfo have been proved 
to be In the fame ratio oi b : a, confequently the angle OCQf= 
Ccdy andOCS = fC^, to OCS and cCd add the common angle 
OCQ,"^ and the angle OCc muft be=:BCQ a right one: confe- 
quently OC is perpendicular to Cf ,the track of the point C, as 
OAis, by hypothefis, to A^, and OB to B3. The fines of SO, 
QO, and RO, areas a, b, andc, alfo f. SO* + f. QO' + f. RO' 
by trigonometry = the fquare of radius = i ; hence f. SO*-f- 
f. aO'-i -f RO^=f. CO^; f. SO^ + f. RO*=f.BO\ f. QO^ 
+ f. RO'' =: f. AO^ ; confequently, f. A0% f BO^ and f. CO^ are 
as/^' + t% ^'' + c% and «^ + /^% or as Aa% Bi^% andCc''; where- 
fore the velocities V''^^ + ^% \/^' + c% and s/dr-irb\ of the 
points A, B, C, are in diredions perpendicular to AO, BO, 
and CO, and in the ratio of the fines of the arches AO, BO, 
and CO, that is of the diftances of the points A, B, and C, 
from the axis vvhofe pole is O, the tracks of thele points are 
therefore circles of the fphere whofe radii are thofe diftances. 
And fo long as the velocities <z, ^, and c, are invariable, the 
points Q, R, and S, which are always at the fame diftances 
3 from 
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from B, C, and A, muft be always at the fame diftances from 
O, that is, OR, OS, and OQ, are conftant, and the pohit O 
at reft. And this muft alfo be the cafe if a, b, and c be 
variable, provided they have the fame conftant ratio amongft 
themfelves. 

Corollary. Hence the points Q, R, and S, are the nodes of 
the great circles CQA, ARB, and BSC. 

Scboliutn. The demonftration of this propofition being thiss 
ft ridly given, fome notion may be obtained of the manner in 
which f he point O varies its, place upon the fpherical furfice 
when the velocities along the circles AB, BC, and CA, are va- 
riable. Thus, let fuch fpherical furfice, fo revolving, receive 
an inftantaneous impulfe, at the diftance of a quadrant or 90° 
from S, in a direftion perpendicular to the plane of the great 
circle CSB ; then, the centre of the fphere may be kept at reft 
by an equal and contrary impulfe at this centre ; and lince, by 
hypotheiis, the impulfe is given 90° from S, and in a dircdion 
perpendicular to the plane of the great circle CSB, it can nei- 
ther alter the place of the node S upon the circle, nor the ve- 
locity in the diredion of its periphery, but only thofe in AB 
and CA. Thus, if the velocity in BA which before was = c 
be now equal to z ; then, as f. SB : ? :: f. SC : the velocity 
along CA, let this=jK, whilft ftill the velocity along CB con- 
tinues as before = (3 ; and this will caufe the point O to fall upon 
another point of the great circle SA : fo that whereas before 
the fines of OS, OR, and OQ, were as a, c, and b, they (hall 
now be as a, z, andj. Confequently, as f. SO : rad. = i :: a x 
the velocity at 90" from O, f. OR : 1 :: z : the velocity at 90° 
from O, and f. OQ xy v. 1 : velocity at 90° from O, which 
three quantities muft' therefore be equal to one another, and to 
the angular velocity of the fphere about the axis whofe pole 
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is O; let this angular velocity =^, then muft «? x f. SO = -;?, 
e X f. OR = 3, and e x f. OQ=y, and the fum of the fquares 
of thei's three, or a^ + s^ -\-y' = ^"^ x f. SO'' + e' x f. RO" + e" x 
f. QP^ = e\ becaufe f. SO^ + f. RO^ + f. QO^" = i , hence e~ 
A^a'' -{■%' -{-f \ whereas, before the impulfe e~^a^ + b^-^c'^. 
Thus not only the place of O, but, if s'"+y be not = ^^ + c'', 
the angular velocity of the fphere about its (ingle axis vs/ili alfo 
be altered. Hence then if, inftead of an inilantaneous im- 
pulfe, a motive force be fuppofed to aft in the fame dire6lion, 
and meafured at the fame point where the impulfe was juft 
now fuppofed to aft ; fuch force can neither vary the point S 
nor the velocity a, but will in time vary b and c, and caufe the 
point O to alter its place in SA ; and thus the velocities b and c 
will vary to y and %, and e ~ s/d ■\-b'' -^c^ to e~ s/a" ■\-y' + s% 
j\ift as it would have been by a fingle impulfe, excepting that 
then, when the impulfe was over, y and % muft have become 
eonftant quantities, whereas now they will vary perpetually 
during the time that the motive force a6ts, and the point O 
will fhift its place fo as at different times to coincide with dif- 
ferent points of AS, though at any one inftant the point 
of the furface that coincides with it muft be at reft, by 
Prop. 2. 

PROPOSITION IV. 

If a fpherical furface, whofe center is at reft, revolve in any 
manner whatfoever, fo that the velocities along the three qua- 
drants bounding any o£lant thereof be expreffed by any three 
variable quantities x, y, and z ; to find the neceftarily cor- 
refponding accelerating forces with which the place of the 

natural 
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-natural or momentary axis, and the angular velocity of the 
furface round it are varied. 

Here, other things remaining as in the preceding propofition, 
inftead of the conftant quantities «, b^ and c, we have the 
variable ones x, y, and 2. Let the variable fines and cofiaes of 
AO, BO, and CO, be refpediveiy exprefled by b and /?, g and 
y^ and d and S; and let ^ = the time from the commencement 
of the motion ; then it is well known, that the refpedlive 
accelerating forces along CB, CA, and AB, mufl: be expreffed by 

V > ■?• > and ^ ; and the radius of the fphere being fuppofed = 

unity, the angular velocity about the axis whofe pole is 

= ^— •\/^''+y+2^ = (?v^/3^ + >'^+y, el3 = x, ey=:y, e'S^z^ 
x — el3 + l3e,y=:ey + 'yef z = e'§+^e, 0'' + y'' + S' = i» I^B + yy+SS 
= 0, /3^ + y^=I-S^ = A ^^ + r=l-y'=g\ y + r=Z-/3^ 

by fpherlcs, as ^ : i :: ^ : - = f. OBRrrf. QA :: /3 : -^=: f. OBS 
={. CQ=cofAQ, tang.AQzr - and the fluxion of the arc AQ = 

^t^f-. But, by the foregoing propofition, BO is perpendicu- 

lar to B3 the track of the point B ; confequently, as f GBR 
= f. AQ^: f. OBS=rcof. AQ :: s : ;v; therefore the tangent of 

AQ= - and AQ= -,-— t= i^rrr. = '^73 ^^ "^^^^^ ' 

therefore, whether e be conftant or variable it makes no differ- 
ence in the expreifion for AQ^. In like manner it will appear, 

,batBR=^i^ = i^, ^iCS = f=$ = '^- Moreover.Hs 

Vol. LXXX, U u u rad. 
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rad. — I : the alteration of the place of Q round B, or In the 



great circle AC = AQ :: f. 'BO=zq=^[6' -^-T : ^-^ = the 

momentary alteration of place of O round B, or in a direction 
perpendicular to the great circle BOQ at O, and the cor- 

refponding alteration of BO, that is, BOrr t~=.= — -, 

^ ^ , V^'--f ^'' s 

the fluxion therefore of the track of O upon the fpherical 
furface = ^ ~ = y^— ^r^-~ = 

y . . ^__^ = yj H-^ +r . Again, 

the accelerating force in BA = - refolved into the dire<£lion of 

the great circle BO at B is ? x cof. OBR= ■? x - > and that 

t . t g 

% along BC refolved into the fame direction is '*^ x - » and the 

t t g 

difference of thefe, or the accelerating force in the diredion 



BO in the fenfe from O towards B = ^tlH = gx^i+fe-^X^g+g/ __ 

i^ . gi 

gj Jj3 ■ . . 

e X —Tf- ; in like manner that along CO in the fenfe from O 

towards C=z'~-^ = ex'^^-~, and that along OA from O 

towards A=^^^=e x -"—g^v and as f.ROA (fig. 3.) = f. COA 

'■=—,-'• I " this laft mentioned force : de x -^^-r: one equiva- 
lent thereto, but adling perpendicular to CO, and urging from 
O, that is, drawing the great circle DOE perpendicular to 
BO ; then, as i :. f. DOC = f. ROE = -~ ;: this lafl force : the 

fame 
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fame reduced into the direftion OE=^^x-^-^ ading per* 
pendiculaf to the great circle BO, and in the fenfe from O 
towards E : the fame force reduced into the direftion of the 

g-reat circle BO at O is = ^/3 x -2^1121 in the fenfe from O towards 

» gyt 

Q: in like manner is found a force equivalent to that in CO, 
but afting perpendicular to AOr^^^iX^-^^ J which reduced 

into the diredion OD is r: ^;G x 2_izi \^ the fenfe from O to- 
wards D ; but this fame force perpendicular to AO, when 
reduced into the dire£lion BO, h — e^x ^ ~ . ■ in the fenfe from 
O towards Q, which being added to the other above found 

force in BO gives ^ . ..li-i — -. — i— = _ ^ x - — — == the acce- 

^ gyt gt 

lerating force arifing from thofe which a£t at O along the great 
circles OA, OC, \vhich force a£ts in the fenfe from O towards 
Q, and therefore in a contrary fenfe, that is, from O towards B it 

rnuft be = ^ X ?-^ as before found, the operation thus proving 

itfelf. In like manner,, from the two forces now found, which 
ad perpendicular to OB at O, there muft arife one adibg along 
OD in the fenfe from O towards D, which will therefore be = 



'^'"^-~^'=^ - rm~mi-!iy + y!S=^ X - yr- - 



(d'^ry -S'<Y= — '^. ' This laft force may be otherwife found thusj 

the acceleration =j/ round B at Q, and as i '.g'.'.y :^j = the 
acceleration round B at O owing to j, in like manner, the 
acceleration round G at O owing to z is =: dk, which refolved 

U u u 3 into 



5o8 Mr. WiLDBcmE on 

into the diredlion perpendicular to BO at O \%-=.dk x f. PX)E=e 
-~ , ftlfo the aceebratioa ^i at O perpendicular to AO reduced 
into the diredlion perpendicular to BO = ^x x f. DOS = 
--, hence the whole acceleration along DE at O, which ma- 

nifeftly arifes from thefe three, is = ^-^ + -— — ^^, and the acce- 

o o 

lerative force = -~~—~?--^ which, properly reduced, becomes — 

~ as before. And the force which is compounded of the two 

forces ^x^ aud-'4-is= tif^i^Tj^^^^^^lx/JT^:^- 

afting perpendicular to the track of O upon the moving fpheri- 

cal furface; and 4 = ^ ■■ '^'^■^ ■ ' '^ is the accelerating force ailing 

along the midcircle, or that which is 90'' diftant from O, to 
alter the velocity about the natural or momentary axis whofe 
pole is O. Hence, anfwerable to the three accelerating forces 

^ , -^ , and^ , round the axes whofe poles or ends A, B, and C, 

are always the fame invariable points upon the moving fpherical 
furface, there arife three other accelerating forces, namely, 

,x!i-:^, -j and^i±^+^; the two former adlng at the 

o o 

pole of the momentary axis, and the latter is that whereby the. 
velocity about the momentary axis Is altered. 

SCHOLIUM I, 

From the preceding inveftlgation of the forces e x.^t:^ and 

~ j#» it follows, that they are not at all affeaedin expreffion by 

the 



spherical Motion. 509 

the variation of ^, but are denoted by the fame quantities, 
whether (? be conftant or variable ; which conclufion, and alfo 
the values of the forces themfelves, is perfeftly agreeable to 
what is brought out by Mr Landen, by a method fo very 
different, in the Philofophical Tran(ad:ions for 1777. 

But it is here' carefully to be noted, that thefe are not motive 
forces, but accelerative ones ; for no notice wliatever is yet 
taken of the internal flrufture of the revolving globe; but the 
expreffions hold true, be that ftrudure what it will : if it be 
fuch that one and the fame quantity, drawn into each accele- 
rating force, will give the correfpondent motive one, then are 
the motive forces proportional to the accelerative ones, but 
otherwife not. It may here alfo be obferved, that it is quite 
conformable to nature, that thefe accelerating forces lliould be 
exprefled by the fame quaiatities whether e be conftant or va- 
riable ', for thefe forces, ading at the pole of the natural axis, 
cannot poflibly have any efFe6t upon the velocity round it. But 
it is not hence by any means to be concluded, that the velo- 
city about the axis is therefore conftant ; becaufe thefe are not, 
in general, the only accelerating forces that ad: upon the body,, 
but there is alfo a third accelerating force whofe value is 

-. arifing from the different variability of x, y, and s, and 

which cannot vanifti except jGi + yj/ + ^2; = o, it therefore can 
only vanifh in particular cafes. 

If the equation i = (ix + yy ■\- ^z be fquared, there will 
thence arife after due ordering e^ = x -{- y"^ •\' z — e' x 
(y/3_/3^r_|_/3'^_^ _|-J^^-g^'}, where the member which la 
drawn into / keeps its form whether e be conftant or variable, 
but by no means will ^*-|-/4-;s% after due fubftitution, dafo 
3 too. 
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too. If ^==0, then /~x*4-ji/'' + i;% the motion being then 
round what M. Euler and M. d'Alembert call the Initial 
axis, or that about which the body at reft would be firfl urged 
to move bj any external forces afting upon it ; and which they 
have determined with fo much labour ; though here it follows, 
as a necefl'ary confequence, that the force with which the body is 

turned round this Initial axis iss= \/^+^-i + -^> or a force = 

the fum of the forces round the axes whofe poles are A, B, 

and C. ' , 

Moreover, by the general laws of all motion, -— r— , — -. , and 

. /£!i2lZl? are the velocities with which the pole of the mo- 
mentary axis (hifts its place in direclions perpendicular to 
BO, along BO and along its own track on the furfiice refpec- 
dtively. And it is by taking the fluxions of thefe, and 
dividing each fluxion by that of the time, that the acce- 
lerating forces are had, which are due 'to fuch alteration of 
place of the momentary pole ; and thefe muft by no means be 

confounded with the forces before found'- — and -xGS — SG 

£i Si 

in thofe diredions, thefe laft pertaining to the tendency of the 
furface itfelf to motion at O, and the others to the (hifting 
of the pole of the axis upon the furface, which are different 
motions, as will more clearly appear from what follows. 

The preceding general properties of motion obtain in all 
bodies revolving round a center at reft, he their motion ever fo 
irregular ; the three great circles bounding an o<flant of the 
fpherical furface revolving with the body are alfo taken ad libi- 
tum, being any fuch circles whatever upon the furface ; and 
hence the following very important confequence is drawn, vi%' 
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If any 'body be in motion, or put in motion, by injlanianeous 

impulfe or othertioife, about its center of gravity at reft in abfolute 

/pace, if, by any means, the acceleratingforces atling along the three 

great circles bounding any oSiant of a fpherical Jurface that has 

the fame center of gravity and revolves with the body, can he 

found, thofe acting at every other point of fuch furface will necef- 

farily follow as natural confequences of tbefe three, and thus all 

the motions of fuch body will be abfolutely determined. 

SCHOLIUM II. 

As the above conclufions are exceedingly general, in order 
to form a diftind idea how fuch furface moves, it may be pro- 
per here to iiluftrate it by a particular example. Let then the 
velocity x be fuppofed conftant, and alfo the angular velocity e ; 
then, from what is (hewn above, {\nzzxx — o, e'' = x'' +y'' -\- z^ 

= f- X (S" + 'y'' + S% ee=yy + zz=o = e'' X yy-^-S^, yj-\-^i~o, 
j6 = o, jQ a cbnftant quantity, therefore b is conftant, and the 
track of the point O upon the furface is a lefler circle of the 
fphere at the conftarit diftance AO from the invariable point A 
of the furface, the radius of fuch lefler circle being =:i^=:£ AO 
(fig. 4.), alfo y + z^ r; the conftant quantity / - x" = / - e^fT = 
e'-b''-=e' xy-\-Tt %zzz -yy, ^l=z ~yj-gg, and the velocity 
J^l±f±^. with which the pole O fliifts its place = 

A / '-J~- = \- — i^ = -r = . =-.- . But Itill an expref- 

fion for /is wanting; to the two preceding data it is therefore 
neceflary to add a third, which may be that the velocity with 
which O fhifts its place in the circle EOF is alfo conflant. Which 

will 
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will come to the lame as a cafe occurring hereafter, when 

'^zr:o, ■^. = — — and -. =T where A is feme conftant quantity ; 

for then x = o-=e0 + fie ee = xx -^yy + zz =yy + zz,~ eyj-^eSz, 
t' = ^y + ,J^= — ^+~=~ X -yf^S+y^S-Of therefore e is 

'-' AAA 

conftant, and f = -^ ~ -r^=--r-f and lince e— o, and x = eB4- 



0e = o = e[3; therefore jS = o, (3 conftant, and y=z%//)' — T j 

A ^^ , A -r^ 

therefore i = -^^'^ VW^- * ^~m^ ^""^ ' confequently, 

the velocity with which O (hifts its place in the arch EO is = 



— , which is a conftant quantity. 



PROPOSITION V. 

The fame being given, as in the laft propoiition, it is pro- 
pofed to iliuftrate the manner in which the furface moves with 
refpe£l to a point at reft in abfolute fpace. 

Let Z (fig. 4.) be a point touching the furface, but at reft 
in abfolute fpace vvhilft the furface moves under it in any man- 
ner whatfoever. In any one pofition of the odlant ABC 
through Z draw the great circles Aj-, B^, and Cr, which by 
the property of the fphere muft be perpendicular to BC, CA, 
and A B, refpeftively ; then muft the velocities of the fpheri- 
cal furface at s^ q, and r, in direftions perpendicular to each 
of the circles As, V>q, and Cr, be x, y, and z, the angular 
velocities therefore about Z, with which the furface pafies 

under J, g, and r, muft be --^, -i— , and —-, throushZand 

■^ 1. Zi 1. Z^ 1. Zr "^ 

O draw the quadrant of a great circle ZY ; then, as /3 : ;c ;: f. O Y 
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* ^ X f. OY = the velocity of the moving fpherical furface at Y? 
which is therefore the angular velocity of the furface at Y 
round an axis at reft vs^hofe pole is Z, becaufe ZY = 9o''; 
which four values obtain, let the point Z be taken at reft in 
abfolute fpace wherefoever it will, Alfo, e y, f. OZ is the ve- 
locity, with which the furface pafles under Z in a diredioa 
perpendicular to the great circle OZ at Z, which muft there- 
fore be the real velocity of the furface itfelf there at that in- 
ftant; therefore the fluxion of the track upon the furface 
which continually pafles under Z is r: g x f. OZ y. i — '. 

y/f. Zf -l-f. Z^^+f Zr'' From which equation, and the pro- 
perties of O found in the preceding propofitions, general ex- 
preffions for the relation of Z and O may be obtained. But, 
feeing that there is fuch a latitude in determining or fixing 
upon a proper point Z out of an infinity of points at reft, and 
this handled in a general manner will run into a complex cal- 
culus', in order to fix upon a point Z under the moft eligible 
conditions, it may be beft to deduce them from the properties 
of any particular problem that comes under confideration. 

For example, taking that in the fecond fchollum to the laft 
propofition, where x and e are conftant, and y' + z" ztzc" — x" is 
alfo conftant and = ey + fT = e'-^T = ^'^% or 'y' + r = F alfo 
conftant ; and the velocity with which O (hifts its place along its 

proper track = — , conftant alfo. Here, in order to fix upon 

a proper point Z, fuppofe the motion to begin when O (fig. 5.) 
is upon the great circle AB at E, and after fome determinate 
time = fy. fuppofe the oftant ABC to have arrived in the pofi- 
tion A'B^C, and that in this time the point O has fhifted its 
place from E to O, that is, fuppofihg the o£lant ABC to be at 
reft in abfolute fpace, while A^E'C" is in motion, on A'B' 
Vol. LXXX. X x x taking 
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taking A'^=AE, the point O will have fliifted its place in the 
time /, in abfolute fpace from E to O ; and upon the moving^ 
fpherical furface from^^ to O along a- lefs circle whofe radius is 
equal to the fine of AE = f. AVrrf. h!0 = b. Now, at the 
CGmmencement of the motion, that is, at AB, the fir-ft velo- 
city of the point A along CA is ^ x f. AE — eb — the then value 
ofjv, becaufe the pole of the natural axis of motion E being 
then upon AB, the value of %~o, and the pole E fhifting its 
place in the fenfe EO in abfolute {pace, and the invariable 
point A of the fpherical furface moving in the fenfe AA', there 
muft be fome point Z between E, and A at reft with refpe<3: to 
both thefe motions, or round which both of them may be 
fuppofed performed*; its property muft then be fuch, that. as, 
f. AZ : f. EZ :• velocity of A—eb rto the velocity with which 

the pole E begins to ihift its place =^^ k^-—-; but — is the 

velocity with which it fhifts its place upon the moving fpheri- 
cal furface at E about the radius =f. AE =;f>. AZ + EZT And 
when O is at E the velocity with which the fpherical furface 
pafles under Z: will be eai. EZ, Again, when O is the 
place of the momentary pole, the velocity of the point A'' = 

v/y +%'s= es/y + (T = eb as before, and the velocity with which 

O fliifts it place round Af zz—- as before : it therefore fhifts its 

^ A 

place round fome point Z in abfolute fpace fuch that eb x j-^^ is 

ftill the velocity with which it fliifts it, which, becaufe A'Or: 
AE, muft be the fame velocity and the fame point Z as before. 
Confequently, the point O fhifts its place along a lelTer circle 
of the fphere whofe radius =: f. EZrrf. OZ, and in the time of 
fuch fhifting from E to O, or from A to A', the point of the 
* furface 
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furface which lat firft was under Z will arrive at s in 'k^W^ 
where A'sssAZ, and E'confidered as the fame invariable 
point of the furface will arrlve-at e, fo that A'ezzA'E.; there- 
fore, fince 'EfL-rzQTj is conilant, and Z at reft both with 
with refpedl to the velocity eb of A'' round it, and the velocitf- 

'—- with which G fhifts its place, it muft be as f. EZ = f. OZ : 
f. AZ :: 1— : ^(5 :: - : I, but b and jG are the fine.and cofine of 

A A ' "^ 

AE = A'O =EZ + AZ ; therefore, as f. EZ = b x cof. AZ - iS 
X f. AZ : /B X f. AZ :: i : i, and as bx eof. AZ : /3 X f. AZ :r 

i + I : I ::~ = tang. AE : tang. AZ= |- x -A., and f. AZ : 



- -T ..... ^ ""■&• — &• — - ^ A+ i' 



A+i 



Cof. AZs f. BZ :: M t A+ 1 X iS :: tang. AE : ^, f AZ = 
=., and cof. AZ = --=4+1^ £_ ; and thus a dif- 



Ah 



v'A^^-2A|S*■+0" Va" + 2A^H|3'' 

tinfl: idea of this motion of the fpherical furface is obtained, it 

being now Clear, that the point A^ moves round Z at reft 

with the ivelocity eb^ and as f. ZA : i t : eb : ^-— - — ^ — — 

ihe angular velocity with which A' moves tound the axis 
whofe pole is Z, which is therefore conftant ; aind at the fame 
time the furface itfelf moves in the diredion of the great circle 
B^C'', that is about the axis whofe pole is A^ with the conftant 
velocity x—elS, which two motions may be confidered as fepa- 
rate, and the reft as confequences of them ; that is, the point 
Z is at reft, and the point A' moves uniformly round It, whilft 
the furface upon which A'' is an invariable point moves round 
the axis whofe pole is A^ with an uniform angular velo- 
city, thefe two angular velocities being in the ratio of 

X X X 3 -4/ 
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"^^^i+^^tll^ : /3, or of %/A^+A + fFZW - A/S ; therefore^ 

the times being inverfely as the velocities, as A/3 z 
v^A^ + 2 A/3'' + jG^ :: the time of one revolution of A^ round 
Z : the time of one revolution of the furface round A'', that 
is, round the axis whofe pole is A', which time is given be- 
caufe orrr^jQ, and confequently- the time of one revolution of 

A'' round Z is civen. Again, e x f. 0X~ 1 1—.:-^ - = the 

velocity with which the furface paffes under Z (at reft). The 
angukr velocity round the axis whofe pole is 0=:e, and the 
velocity round O in a circle vv'hofe radius is iirri^^, O fhifts 
its place in a circle of the lame radius ^ with a velocity =_ 

— i the time therefore in which Q fhifts through the leffer 
circle eO Is to that of one revolution round O (which time 
may be fuppofed given) = T as ^3 ::^, oras i : |-, that is, as 

B AT 

- ;. I :: T ; — -:rthe time in which O makes one revolutJoa^ 

A P 

upon the furface. Aud us e0 : T :: e :.^=:the time ia which 

the furface makes one revolution round A'', or the axis whole 
pole is A' ; and from the analogy above, the tiaie of one revo- 
lution of A^ round Z =z -j===ML==^. Alfo, as i : f. AZ :: 

e(B : ■— =r==L====^ =: the velocity with which the furface would- 

Va^ + 2A|3^ + 0^ •' 

pafs under Z, owing to the motion only round the axis whofe 
pole is A\ and in a fenfe from B^ towards C^ ; whereas, owing 
to the compound motion it really moves under Z in a contrary 

fenfe with the velocity — ===L====|; this la, however, only a 

•' v'A^ + aA^^ + e^ ' -^ 

neceffary confequence of the centres of the circles whofe radii 
7 ' ase- 
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are f. A^Z and f. EZ fhifting their places in abfolute fpace, 
which therefore can in no wife afFed the velocities round thofe 
centres, which velocities muft ftill be the fame relatively to 
the centres as if the centres were at reft; Hence, then, the 
nature of this Ipherical motion is fuch, that the axis whofe 
pole is Z being abfolutely at reft, the pole O fo ihifts its place 
in a circle whofe radius =:f. ZO alfo at reft, as to do fo with a 

conftant velocity — ebxi L-L-.—,.!-. — the velocity with which it 

f. AZ~ A •' ■ 

fhifts its place in the circle ^O on the moving furface, the 
track therefore on the moving furface ofculates or rolls upon 

AT 

that on the Immoveable one. Therefore, fince -— =: the time of 

one revolution of O upon the moving furface, and the time 
of one revolution of A'', and confequently O round Z = 

■' ■ ' — ; in the time of one revolution of O on the 

VA^+2A|3H^'' 

moving furface, it wilt have fhifted Its place round Z in the 
circle whofe radius =:f. OZ, through an arc = the whole peri- 
phery x ^^^^^±^^^' , that is, it willhavemade^JJI + 2A + I 
revolutions round Z : for, as the two circles eO and EO ofcu- 
late, it will take f^=V^i+ 2^4- 1 times the periphery of 

EO to go round ^O, that is, the point A^, and confequently O 
will have moved this number of times round Z at reft, whilft 
O ftiifts its place once round the fpherical furface in motion. 
Hence then the nature of the motion round the momentary 
axis whofe pole is O, and the fixed one whofe pole is Z, will 
be apparent from the following fimple contrivance. A circle 
EO to radius = f. ZO=:f. ZE being drawn upon a fpherical 
furface at reft, an osStant of which is ABC, let a paper, or 
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p'thiftf loafe fur£ace, be .-fitted to this odant, and having on the 
eeofire A and radius AE defcribed a circular arc on the loofe 
forface, let the part thereof EOFCBE be cut away, and 
eompleting the circle EF of the remaining part, let the cir- 
eumference of this circle be moved uniformly along the cir- 
cumference of the lefs fixed circle EO with the celerity 

— beginning at the point E In each, fo that the m.oving circle 

may roll along the fixed one, that is, fo that the arc O^ of 
the moving circle which has been in contaQ: with the fixed one 
may be always equal to the arc EO of the fixed one with 
which it has been in contad ; then, fince OZ and ZA' are 
conftant, and OZ perpendicular to both circles, the point A^ 
muft defcribe upon the fixed furface, the fame locus as in the 
cafe of the motion above fpecified. The locics alfo of the mo- 
mentary pole O will be the fame, and the angular velocity of 
A^ about the momentary axis the fame as that of the moving 
furface about it : for the celerity of O about the axis whofe 

pole is Z = ^ being equal to the celerity about A' in motion, 

and the locus of A' being a circle whofe radius = r. ZA, we 

have, as f. ZO : f. ZA^ •• x ' ^'^ — ^^^ velocity of A'', and as 

f. OA'-=:b : eb :: radius = i ; e^t\\Q velocity about the mo- 
mentary axis, as it ought. 

From this complete folution of the particular cafe may be 
colledted in general, that if the o6;ant ABC be taken fuch 
•upon the moving fpher'cal furface, that the track of O there- 
upon may crofs the two great circles AB and AC at right 
angles, a point which is at reft with refpe£l to both motions, 
or round which they are performed like a fingle motion, may 
at the inftant of the momentary pole's croffing each of thofe 

great 
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great circles be found, in the fame manner as in the particular 
cafe here fpecified. And it will alfo be found for any pofition 
of O, by means of the expreffions for the velocities found' in 
Scholium I. Prop. lY. ; but of this more hereafter. 

PROPOSITION VI. 

If a parallelopipedon (or other * folid) revolving uniformly 
with an angular velocity = z about one of its permanent axes 
of rotation, receive an inftantaneous impulfe in a direction pa- 
rallel to that axis, the centre of gravity of the body being 
fuppofed to be kept at reft by an equal and contrary impulfe 
given to it, and no other force ading upon the body, if is 
propofed to determine the alteration in the motion thereof^ 
in confequence of fuch inftantaneous impulfe. 

The impulfe being, by hypothefis, given In a direftion per- 
pendicular to that of the then only motion of every particle of 
the body, cannot infliantly alter its angular velocity about the 
permanent axis ; but its immediate e&d: muft be to caufe the 
body to revolve about a frefti axis, whiift the angular velocity, 
and confequently the momentum of rotation about the firft or 
permanent axis, remain unaltered by fuch inftantaneous im- 
pulfe ; for though it gives a different direftion and velocity to 
the particles, by caufing them to revolve about another axis, 
yet muft their relative velocity about the firft remain unaltered 
by the nature of relative motion, becaufe the fecond or addi- 
tional motion is given in a diredion perpendicular to the firft. 
Any alteration therefore which may be made in the velocity 
about the firft axis, by reafon of the oblique motion of the 
particles about it, owing to the then revolution about a frefti 
axis, muft be a work of time. And to determine fuch alteration, 

* See the note (C) at the end of the Paper, 

let 
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kt M = themafs or folidity, and 2d, 2c, and 23, be the three 
dimenfions or length, breadth, and thicknefs of fuch parallelo- 
pipedon ; then it is known that the momentum of inertia 
round the axis on which the dimenfion 2d is taken will be=: 



I M X c'' + S% this being no more than the produft of a particle 
of the body into the fquare of its diftance from fuch axis, 
when integrated through the whole body, as is now too well 
known to need the repetition here. Let I (fig. 6.) be the 
centre of gravity or of inertia (they being both one) of fuch 
parallelopipedon, IB the permanent axis on which the dimen- 
iion 2C is taken, CI that on which 2^13 taken, and a perpen- 
dicular to the plane BIC (of the paper) at I that on which 2d 
is taken J then on the centre I defcribing the quadrant BSC, 
whofe radius BI or CI may be fuppofed unity ; if tlie body 
once revolve about this lafl named axis with an angular velo- 
cityms meafured along the great circle BSC, and no external 
force or impulfe ad upon it, it is agreed and well known, that 
the centrifugal motive force round fuch axis will be-iMz" xj 

and always being equal in contrary direftions round the 

axis can have no power to alter the place thereof ; but fuch. 
motion and motive force continuing always the fame, the axis 
muft be at reft, and the velocity round it uniform for ever. But, 
if the body whilft fo revolving receive (as by hypothefis) an 
impulfe in a direction parallel to this axis, that is, perpendicu-. 
lar to the plane of the circle BCI, and an equal and contrary 
one to keep the centre I fliil at reft, the faid impulfe being 
perpendicular to the motion cannot inftantly alter the angular 
velocity 2, but will give the axis itfelf a motion in a plane 
perpendicular to BCI, and confequently about fome axis SI in 
the plane BCI, round which axis SI the centrifugal motive 

forces 
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forces of iihe particles being no longer In eqmllhrlo, becaufe ic 
is not a permanent axis (except In particular cafes) this oblique 
motioHt pf the particles will in time alter the velocity %. To 
determine then the value of the motive force caufing fuch alte- 
ration of % let ML =2^ be a line parallel to the fide of the 
parallelogram which is a fefiion of the folid perpendicular to 
the axis CI, q the middle point of ML, f any other point 
therein, fm and qn two perpendiculars to the plane which is 
perpendicular to BCI and pafles through SI ; and from B let 
fall BN perpendicular to the axis SI : then, the point ;z muft 
neceffarlly fall upon SI, becaufe the plane BSCI produced bi- 
fefts the folid, join fn which is the perpendicular diftance of 
f from the axis Si ; let 1; = the velocity of the body at B perr 
pendicular to BI and to the plane BCI ( which is the fame in- 
variable one in the body, and that wherein the permanent axes 
BI and CI are fituated); then, as BN : v :: i : the angular 

velocity of the body about the axis 81=^, and by the nature 

of all motion, as BN : v :: pn : ^ x 'y = the velocity of the 

pointy round n, or of a particle of the body atj^in the* circle 
whofe radius is fn^ confequently the centrifugal accelerating 
force, which is always equal to the fquare of the velocity di- 
vided by the radius of motion, is there = ^ x 1;^ acting In the 

direfl:Ion/'« upon the axis SI, which may be refoIved,into two 
others, the one parallel to the plane SwI, which can have no 
effedt in a direction perpendicular to that plane, and theother==: 

-r-^ X pm =^r-2 ^ S'^ perpendicular to that plane, which drawn 

into a particle p of the body at p gives px qnx ~- =:ths motive 
Vol. LXXX. Y y y force 
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force of that particle to move the plane Sml in a diredion pa- 
rallel to BN, or about the permanent axis which is perpendi- 
cular to the plane SBI, and which value is the fame in what- 
ever point of ML the particle p is fituated. 

Let GgR (fig. 7.) be a fe£lion of the folid by the plane IBSC ; 
then, fince the motive force of a particle p of the body 
lituated any where in a line perpendicular to this plane at g is 

pxqn-x. —J, the motive force arifing from the dimenfion ML =] 
3^ of the body will htzzzzdv^ x ilr, and as 81= i : In :: zdv" x] 

•J^^ : zdv^ X ^"S,/ - — the equivalent motive force a£ling at the 

conftant diftance SI =; unity ; which muft ftill be integrated with 
the other two dimenfions of the body, becaufe every par- 

tide p~MpxK.Rx qg. In order to which, let now /=z 
i^s -f and ^ = the fine and cofine of QIK= NBI=SC to radius 
unity, IR=:^, GK = c, KR = ;(;, and qg~y; then will KI=: 
'x~l>, Kqz=y~c, and as / : KI :: i : 5^1=:^^ :: s : QK =: 



-XX — 1>; hence, Qq = Kq — QK=y-c-^-xx — i, and 1 



Qq :: s ', Qn=s xy-c-— xx~b::t '.qn~txy-c-s%x-bf 

zn^\n = Ql-{-Qn — sxy'-c-\-txx'-bi hence qnxln = stx] 
y' -zyc + c' + f xy-cxx-b — s'xy—cxx -b ~-st xlT^'', 
which multiplied into 2^ and the fluent makingj; only variable 
foastocomprehend thewholebody,whenjy =■ 2c=^G,is = 2^^ xj 

i^-zcxx" ~ 2bx-\- b\ and this multiplied into i, and the fluent 
taken in like manner, will, when x=zbf be=- x dfst x 
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£ BS=/ : -u :• f. CS = j : - = the velocity of the body at C 

perpendicular to CI and to the plane BGI; let^J ~ x now, and 

V —y^ and the preceding fliaent becomes ~ x c" — ^^ = the mo- 
tive force a£ting at S along the circle BSC to alter the velocity 
% along ' that circle ; and if this be divided by the inertia 

— X €"'■{■ b" along BC, it gives xy x '-t-ti — ~^ (where / =; that of 

the time) = the accelerating force afting along the circle BC. 
Now (this being referred to fig. 3.), for the fame reafon, as 
the two velocities x and y along BC and CA turn the body 
about an axis whofe pole is R in AB, and thus caufe the pertur- 

bating motive force — ^ x c" -b'' above computed, muft the two 

velocities x and % along BG and BA turn the body about an 
axis in CA whofe pole is Q, and proceeding in the very fame 
manner as before, the perturbating motive force thence arifing 

will be found = ^ x ¥~^, to alter the motion along AC, and 

3 ■ ' 

the accelerative one — „~ . ;^ y,x%-=-^. to alter the velocity y about 
the permanent axis whofe pole is B. Alfo, the motive force 
--i2x^*-f% and the accelerative onc=-5^x#s= ? to altet 
the velocity x along BC. 

SCHOLIUM i^ 

Having thus obtained the values of the accelerating forces 
%-i ^-f and ?- (fee Scholium I. prop, iv.), the matter is now 

Y y y 3 brought 
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brought to an iflue, and the motions and times may frotrr 
hence be computed. But it will be proper firft to fliew 
wherein, and why^ thefe conclufions differ from thofe brought 
out by Mr. Landen. 

The three perturbating motive forces afting along the peri- 
pheries of the three great circles CB, CA, and AB, in fig. 3, 
Prop. IV. are above found tp be — x it — c" x jys^ —xb^ — d^'x xz^ 

and — X f^ - ^^ X xy refpedtively, or their equals — x ^ -c" x 

e'y^, — X ^' — 4^ y, e'^\ and - x c" — h^ x e'fiy. And if we fup- 

pofe the accelerations x, y^ and 2:, to be refpeftively propor- 
tional to the motive forces, the fum x-\-y + z muft be propor* 
tional to the fum of the three motive forces, and xx -^^ yy -\-%z, 

or its equal e(ix + eyy + e^z muft be proportional to - x d^'^'', 

3 

X xey^ + - X F^^ X ^ /3 J + - X ^ZTx %e^(^y = ~ x r/3y^ x 
3 ^^ 3 3 

d'' ~ c'' + i"" — d- + c'' - i>" that is as nothing; confequently, eezzi 
xx+yy + zz = o, in which cafe therefore e muft be a conftant 
quantity. Moreover, thefe quantities now mentioned as re- 
fpedively proportional to one another, turning the equal ratios 

into equations £E!><£? =, fEll^ =. fz£^ = ^EJif!? ^ 

X jt X (3 



. — ^_ = . i = _L. -___=.- __J' ; hence D/3/3 = - Byy, 

and D§(?= —Cyj, and taking the fluents of thefe two laft 
equations, putting n and m for the refpedlive values of /3 and ^ 
when y~o, we obtain D/3' = T)n' ~ By^ and D^ = D«" - Cy% 

confequently ^zzt^^l^ and ^rr^l^ZE^L; which are the 

very 
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very equations brought out by Mr. Landen in fo very different 
a manner. 

Here then the matter may be fafely refted ; for the accelera- 
tions are moft certainly as the accelerative forces, and not as the 
motive ones. Conclufions, therefore, that are drawn from a 
contrary fuppofitlon cannot be true. 

It may not, however, be improper to (hew here how Mr. 
Landen's motive forces E and W^ arife from thofe above 
brought out; thus, in fig. 3. Prop, i v. let s and / the fine and 

cofine of AQ to radius i, that is, let s=:— and t= -, then the 

6 o 

motive force along BA refolved into the direction BO becomes 
~ X c'' -l)' X e'^yt, and that along BG refolved into the fame 



M 



diredion BO becomes ---Y.i' -c %eyh, the difference of thefe 

3 



M _ , .. n -.. .. ^. „1 n , . n.,_ M/^T>' 



= -• X e\ X d'~c'- xh~c'- i>'xl3i= ^^^ X D/ - C muft be 
3 3 

the motive force acting along the great circle BO in the fenfc 
from B towards O, or from O towards Q; and this is the very 
motive force E determined by Mr.LANCEN, and a6ting in the 
fame manner. The motive force which a£ts at O perpendicu- 
larly to the force E is moft readily obtained, from that a£ling 
along CA ; for if a tangent be drawn to the great,circle BOQ 
at O (fig. 3.) it will interfedl a radius of the fphere drawn 

through Q at a diftanceY / j from I the centre of the fphere 3 

the fecant of the arc OQ, and as r : -= that fecant :: the force 

g 

^!!±!if! aauiff at the diftance Q from the centre : -=. £- 

3 ^ 35- 3 

the force adVing in the plane of the great circle CIA at the 

diflance - from the centre I, and perpendicular to a tangent at 

i 
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O to the great circle BOQ^; which force being in a direfl:Ioa 
parallel to and in the fame plane with the motive force a6ting 
at O perpendicular to the fame tangent muft be equal to it ; 
that is, the motive force which a£ls perpendicular to E at O is = 

^^^xDj/^rMr. Landen's force E'''', And this may alfo be 

3 
deduced by finding by refblution the motive forces along CO 

and AO, and reducing them into the dire<5lion of the great 

circle DOE at O, in the fame manner as the accelerating forces 

are managed in Prop. iv. above. Now, thefe forces E and E''' 

not being the only perturbating ones that difturb the motioa 

of the body, but others arifing from the non-equilibrium of the 

particles In motion round the axes which are perpendicular to 

the planes of the varying momentary great circles BOQ, 

DOE, they will neither divided by their refpeitlve inertia — x 



M 



3 
give the accelerating forces along thofe circles, nor are pro- 
portional to them ; but, by the general properties of all motion 
as proved in Prop. iv. the accelerating forces In thofe circles are 

i X f - ? X i (/ = that of the time)='4-"^=— X e'syS - 
:-^X''"3^ = ?^'-o'^''-?^:x'>''=|-f (S) and 

,-^.><'^^=7'<(F+7+?+?-?Ty.'<''+?Ti-0 = T "" 

thefe equations (S) and (Q) there refults the analogy, as 
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^*-t\, Z f*-^^ .z ^'-t' . f"-^* ^ , </*-^" 



hence, ™-,x. -^. k ^^ : ^ ^ + -^, x >> + ^^, X ^^ :: 
-« : p:, or, putting ^,-^ = M y.-^:^.'r -^^. and -jr;:^-^ 



= N'xJ-^+:^. + ^..-":f:-'-M-:r-N-^V 



V 



Of -T^.== -r::^r-4 ; l>ut when ^=1, J = «'^, and the fluents^ 
corre£t.ed accordh:igIy, give the equation i log. of - i~^^ = 
flog.of ll=il^*-log.of 1^, confequently, ^Jf^! =- 

'^3^', and vi- X i~NY - M' = -^'Z X r^^J- M^/ ;, but 
sg=^, therefore «" — T x i - iS:^ = M^ - N^ot^ x >'* ; or, expung- 
mg M and N, m —r = .=====—«=====«» X y -my x .. 13,. 

the equation of the curve whichis the locus of O upon the moving 
fpherical furface ; or, if J^ti. = A, -~~ = B and, ^—^ = C, 

jw'' -- ^' = -^ - ^ . Which conclufion may be brought out 

with much more facility, by means of the three original equa- 
tions above inveftigated, which exprefs the values of the three 

accelerating forces^ , 4 , and ?- , as will be fhewn hereafter. 

But it is of importance to have proved here, that this different 
method when rightly treated comes to the fame ^s the other.. 



S C H O L I U M 



5x8 Mr, WiLDBORE on 



SCHOLIUM ir. 

The velocity of the hody ia dlre6tions of the peripheries of 
three great circles bounding an odant of the fpherical furface 
which revolves with it, might have been referred to any other 
odtant befides that whofe angles, as in the preceding folution, 
are in the poles of the three permanent axes ; but then, befides 
the perturbating force arifing from the motion of the body 
about each of the three axes whofe poles are in the nodes of 
the great circles bounding fuch o£lant, there will, pertaining 
to each circle, be another perturbating force, arifing from the 
non- equilibrium of the par tides 'of the body in motion, in planes 
parallel to the plane of each circle, which being confidere4 
would greatly perplex the operation. And hence arifes the 
neceffity for referring the motion to permanent axes, becaufe 
about them this laft-mentioned perturbating force vanifhes by 
reafon of the perfect equiltbrium of the particles in motion 
round them ; their property being fuch, that if the body begin 
to move fimply round one of them, it muft uniformly con- 
tinue fo to do for ever. And if, as in the preceding propofition, 
the body be compelled to move round fome other axis, ftlU 
during the elementary time /, notvvlthftanding that each of 
thefe axes or their poles has a proper motion of its own, yet 
the relative angular velocity, and confequently the inertia and 
motive force round each axis, will be the fame as if the body 
revolved with the fingle angular velocity x, j;, or z, round 
only one of them, and confequently fuch velocity can have no 
power to alter itfelf ; but the equilibrium of the particles tends 
to preferve it, for the particles by their motion round one of 
thefe axes cannot alter the angular velocity about it ; but fuch 
2 alteration 
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alteration muft be caufed by the other motions of the body 
which are referred to the other two permanent axes as in the 

foregoing folutioh, and thus produce the forces % , -^ , and — , 

ading at the nodes S, Q, and R, of the great circles BC, 
CA, and AB. 

If the two great circles DOE, CQA, be continued, they 
will meet in a point of the midcircle 90° from O, and make 
an angle whofe meafure is the arc OQ , and if Mi-. Lan- 
D en's motive force FJ^ be refolved into the dire£tion of the 
great circle CA, it will become E^'xcof. OQ^E'^x^ 



=sf . 



— Xd''~i>'Xe^l2^, the very fame as inveffigated in the fore- 
3 

going propofition. But Mr. Landen's method, befides the 
force E''^ perpendicular to BO, will likewife give two other 
motive forces perpendicular to AO and CO at O, which re- 
folved into the dire£lions of the great circles BC and AB will 
alfo give the above inveftigated motive forces in thofe circles, 
and thus the two methods prove each other. 

I know then of no obje6:ion but what is already obviated ; 
I fliall therefore proceed to the folution of the following pro- 
pofition; firft, independent of the confideratlon of a momen- 
tary axis, the properties of which fhall be inveftigated after- 
wards. I could eafily give the dempnftration that the pro- 
perties above fhewn to belong to the paralleloplpedon, alfo per- 
tain to any other body ; but as this has been done before by 
Mr. Landen, I fhall take it for granted here. 
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PEOPOSITION VII. 



If a body of any form revolve ia any naauner whatfoever 
with its centre of gravity at reft in abfolute fpace, and fo as 
not to be difturbed by the aftion of any external force ; to 
determine in what manner it will continue its motion for 
ever. 

Since any body whatever, whofe permanent axes can be 
fouiid, may be reduced to an equipollent parallelopipedon Vt'hich 
Ihaii move iii the very fame manner as the body ; let this be 
fuppofed done, M being the mafs or folidity of the body, and 
yia", M^^, and Mc", the refpedive momenta of inertia round 
the three permanent axes of the body whofe poles in the ipheri- 
cal furface whofe radius is unity revolving as the body revolves 
and concentric with it are A, B,. andC, at thediftanceof a qua- 
drant from each other (fig. 8.); let at = the velocity with which 
the body moves round the permanent axis whofe pole is A, 
and meafured along the great circle BC at the diftance of a 
quadrant from that pole (A) and in the fenfe from B towards 
C ; in like manner, let j; = the velocity round the axis whofe 
pole is B, meafured along CA, and in the fenfe from C towards 

A, and % — that round the rernaining permanent axis whole 
pole is C meafured along AB, and in the fenfe from A towards 

B. Alfb let / = the time from the commencement of the 
motion. - 

Then, the quantities which in the 6th Propofition were reprci- 

rented by ^ yJT^, ^ x ¥Tb\ M ITF^^ M x ^^^1"?, 
3 3 3 3 

„xi ^a, jxc ~b, ^-^^,, ^^^, and ^^, refpeaively, 

mufl 
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muft now become M<2% Mb\ M^% M x V~-~c\ M x7~^\ 



c —or . 1 «^— // 



Mx«^-(^% — T-> -7r-» and — ^-. And the three funda- 



mental equations for the accelerative forces become 



o~ — c X yz 



_, — -L. and 5 — - = -, or x- ^-— j J — 



^ — ",5:-— -5 ^ = - -2—-; multiplying the firfl of thefe equa- 
tions by dx^ the fecond by b^y^ and the third by c^%, and 
adding all the three products or refulting equations together 
gives dxx-\-h'^yyA-c'^'z^ — o\ alfo multiplying them refpec- 
tively by a'x, b'^y, and c^%, and adding the three products pro- 
duces ^*A;x-fi^*jyj/+c*zi;=o ; and if 9, 515, and C? be the re- 
fpe£live values of x, y, and z, at the commencement of the 
motion, taking the fluents a'x'+by+c'z" = a'2i" + b'W + c'€\ 
and a*x'' + b^ + C'z'- = a^^ + b'^' + <:'C% which therefore are 
conftant quantities. But Ma^Ar% M3y, and Mc^2;% are th6 
refpedive vires viva: of the body round the three permanent 
axes, and confequently their fum, or the whole vis viva is 

always the fame conftant quantity. Alfo, fince i = .^ „ ^"^ — = 

■ , therefore -^^ == -j-^ = -4^,, and the 



^'j 



a'-b^Xxy c'-a"- 



i^-c"- ^-a"- a^'-V 



V' T-:=T c-" 



fluents -5^ y.x'-Z' = T^2 x/-215^ = t^ x %^~<e% hence thea 

h — c c —a a — b 



y = Jllt;^-xx'~^ + m\ and z=:J '^'"^ xx'~r+ C", 
which values fubftituted for y and % in the equation i = 
^^^^i — , give i in terms of Af, ^ and conftant quantities. But 

the fluent, though attainable by means of the arcs of the 

Z z z 2 conic 



5^2 Mr. WiLTDBo^E on 

conic fe£^'ions, is iufufficient for determining the motion of 
the body with refped to abfolute fpace, becaufe at prefenr 
nothing is foynd but the relations of inertia and velocities. 

In order to determine a point which, can be confidered as at 
reft in abfolute fpace, and the nature of the body's motion 
with refpedb to it; let Z (fig. 8.). be fuch a point, abfolutely 
at reft itfelf, but fo as to be always touched by the moving 
fpherical furface which revolves with the body. Or, it is the 
fame thing to confider it as a given point upon a concave 
fpherical furface at reft, furrounding and every where touching 
that fuppofed above to revolve with the body. Through this 
point Z fuppofe quadrantal arcs A/, Bm, and Cn, to be drawn 
from the poles of the three permanent axes, and confequently 
perpendicular to the three fides of the odtant ABC, fuppofing 
alfo Z to be at the inftant over fome point of this o£tant, and 
that a is greater than b, and b than c, when the velocity of 
the o6tant along its three fides muft neceffarily be in the fenfe 
from A towards B, from B towards C, and from C towards 
A ; then (by fpherics) as f. ZA : i :; f. Z^ = cof. ZB : f. ZAC 
= qpf. ZAB :: f. Z« = cof. ZC : f. ZAB = cof. ZAC ; alfo, as 
f. BZ : I :: f. Zn = cof. ZC • f. ZBA = cof. ZBC :: f. Zl= cof. 
ZA : f. ZBC = cof. ZBA ; and as f. CZ : i :: f. Z/= cof. ZA : 
£ ZCB = cof. ZCA :: f. Zm = co{. BZ : f. ZCA = cof. ZCB. 

Now, the velocity % in AB reduced into the diredion of the great 



circle ZA Is = 2: x cof.ZAB = ^2^I^1, and the velocity j in the 
circle CA red need into the direction of thegreat circleZA^jyx cof. 
ZAC= ^ ^"^^ , but in a contrary fenfe to the former j con- 
fequently the velocity of the point A along the great circle AZ 
in abfolute fpace, that is, the velocity with which A approaches 

the 
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1- ZA 



the fixed point Z muft be = ^'^^° \ — . /?^^°' ' ; in like man 



. ^ , ^Xcof. ZC — zXcof. ZA ^t t . /- n 1 -nrr 

ner is found jt-^r '•"^ velocity ot B along IsZ, 

and ^x'^ °f-ZA-^^J<'^°^-Z^ == that of C along CZ In abfolutc 
fpace. But the fluxions of the arcs ZA, ZB, and ZC, are 

T^^' Xzb"' ^"^tW' i*^%^<^i^e^y> which divided by 
their correfpondent velocities, give the fluxion of the timcj 

, . • cof. ZA ax f , !• i\ 

cof.ZB J''i cof.ZC 



*• X eof- ZC — 2; X cof, ZA xc'^z—za'-X y X cof. ZA— ;<■ x cof, ZB 

— ^-^— r-j from which fix-fold equation, it is evident, by in- 

ya^x—xSy, 

fpedion only, that if »/ = any conftant quantity whatever, and 
OTd\r = cof. ZA, mby =^co(. ZB, and OTC^;s = cof. ZC, all the 
conditions thereof will be anfwered. Then, fince cof. ZA'' + 
cof. ZB' + cof.ZC =1, its equal /wVAr' + w'^y + w^rV muft 
alfo be = I : but from the former part of the procefs 
a^x" + ^y + cV = a'^^ + h'^'' + <:*€*; therefore m = 

^1 a confl:ant quantity ; and f. AZ^ sa i - cof. AZ* 

^ cof. BZ' + cof. CZ' :== I -^ m'a'x" = ?«'^>' -f /«VV, f.BZ^ = 
I - cof. BZ' = I - m^by = nfa'x^ + wW, and f. CZ' = i -^ 
m^c''^-=^m''d'x^ ^m^'b^'- \ and, from above, the velocities with 
v^rhich A, B, and C, approach Z are refpedively 

^2^, 4ES^il, and -3^; but as a is fuppofed 

greater than c, c^-~d is negative, and the velocity therefore 
ia a contrary fenfe, confequently the poles A and C muft 
approach Z, whilft B; recedes from it. The refpedive veloci- 
ties 
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ties of the points A, B, and C, in direclious perpendicular 

to ZA, ZB, and 7JC^ being CQmputed lu like manner are 

zXcof ZC -i-j X ;of. ZB gXeof.ZC + xXcoi, ZA ^ ,^ j .v Xcof. ZA+yX cof. ZB 

or -~=-.=i==L. , —-:=-—===, and "-=.=:=f::=4^ , and if eacii of 

the fquares of thefe be added to each correfpondent fquare 
of the three former, the refulting fums will be %''+f't 
2M->v% and A;''+y', which are the fquares of the abfolute 
velocities of the poles A, B, and C, along their own pro- 
per tracks in abfolute fpace, the operation thus proving 
itfelf. Hence we gain a clear idea of the motion of the body^ 
during the time that the odlant ABC takes in paffing under Z, 
beginning at fome point V in CB (or in AB as the cafe may- 
happen) and ending at fome point W in CA ; that is, the 
point Z enters the o£tant when V touches Z, and quits it 
at W, the motion of the body Or fpherical furfacethat revolves 
with it under Z, being in' the fenfe from W towards V; that 
is, W approaching the fixed point Z whilft V recedes from it. 
And fince both the diredions and velocities of the poles A, B, 
and C, in abfolute fpace are given above, their tracks alfo may 
be determined by means of quadratures, as will be fliewn here- 
after. Again, the track VZW, on the moving fpherical fur- 
face, which always paffes under, or, fome point of which, 
always touches Z as the body revolves ; and the velocity with 
which it pafles under it in every pofition may hence be deter- 
mined. Thus, from the equation above found for the value of 

s, is ealily obtained cof. CZ^ = iizzvV = -—- ===^ X cof. AZ^- 



m^ed-y.a'--b-' 



- ,2 z x3^ + otVC% the equation of the curve VZW 

■upon the moving fpherical furface, which will alfo be found to 

be 
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be the equation of the curve when orthogTaphically projeded 
npon the plane of the great cu'cle CA. For let the fphere be 
thus projected, then the quadrants AB, BC ,(fig, 9.) will be 
projeded into the right lines BA, BC, and if Z be the pro- 
jeded place of the fixed point at any inftant, let fall the 
right line ZX perpendicular to BC; tlien, by the nature 
of the projedion ZX = cof. AZ, and BX - cof. CZ, and if 

-1—zzA,- — j = B, and -^i— = C, the above equation beconaes 




BX^ = f-l^ X ZX- - ^'7^' + m'c'€\ and ZX=' = fg X (BX^ + 

^-^-— -- mVC) the projeded track therefore upon the plane is 

an hyperbola, whofe centre is B, abfcifla BX, and ordinate 

ZX, and taking ZX = 0, BX = mc' \^ €' -^ = the diftance 

from B at which the curve cuts BC, and is therefore the femi- 
tranfverfe axis of the hyperbola. But this is only poffible 
whilft CC is greater than A^ ; for if CC = Aa% XZ = BX x j 

1-/^/— , the projeded track is a right line BU, a^id the real one 

a great circle of the fphere paffing through B. If Aa^ be 
greater than CC* the track will no longer cut CB, but muft 
cut BA, and BU will in both cafes be an afyraptote to the 
projeded track. Since the track in all cafes crofles the great 
circle CA, and we are at liberty to fuppofe the motion to begin 
at what point thereof we pleafe, it may be fuppofed to com- 
mence where the track crofles CA, and where, of.confequence, 
the velocity along CA is then = o ; we may therefore take the 
aflumed quantity 'B = o, and ftill all the conditions of the pro- 
blem be fulfilled, the expreflions thus becoming more fimple, 

4 ^^^ 
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for then -i = ^V + c'C and AS 



1 .*^i . ji.^^ ^ .. fl A m -A xcof, AZ* B X cof. BZ* 



cr- 



?/2" ni'a* m'i* 

Cxcof. CZ^ 



/« c 



^A 



Suppofe W to be the point of GA and V that of CB which 
comes under Z ; then at W cof. BZ = o, and cof. AZ = ma"3. 

= f. CV/; and at V, cof. AZ = o, and cof. BZ = w^^a J|- = 

f. CV = f. CWx^,^^; CV and CW being a kind of femi- 

tranfverfe and femiconjugate axes to the elliptic track on the 
fphericai furface that paffes under Z. And the gnomonicai 
projection of the track on a plane touching the fphere at C, or 
the orthographical on the plane of the great circle BA (fig. 
JO.) becomes known; for here YZ = cof. BZ = CX ; CY = 

XZ = cof. AZ, and A^ ~CY^x~ =ZY=^X -^ is the equa- 

ma* m b* '■ 

tion of the curve VZW which is the projection of the track 
on this plane, being an ellipfis whofe femi-axes are f. C V and 

f. CW or m^'Si JA and ma'Si, bccaufe |^ x ZY' = m^a\' - 

CY^ Moreover, the perpendicular to the plane of the pro- 
jection from Z on the plane to Z on the fphericai lurface itfelf 

= cof. CZ = sjm'c'€' _ £^ X ZY^ = v/i-CZ^ = ^/T- ZX' 

Zy^; and the fluxion of the track at Z upon the fphericai fur- 
face = Vcof. AZ' + cof. BZ' + cof. CZ' = m^ a'x' -^ i>'f + c'z% 
and fince i = — =~~ = ~. we thence obtain x^ = — 14, z^ = 

yz zx xy K x^ ' 

H^', and the fluxion of the track = my J^—^l +/>' + f^. ^ 

which divided by i gives m -sj—^ +"^^+^"c^ -^^^^ velocity 

with 
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With which the track pafles under Z, but s*=:(^'-- 

which fubftituted for their equals give the velocity = 



'lA^€^ Bc4>4 



V Ca^ "•" A'' "^AC^-BCT "aB "*" B' AC' " C 

«, >:ii! ^ ^^ _ f>!E = J-W^rZ, becaufe il -^-fl • - 

\ B" AC - AC V B^ AC' AC A"C 

C*A AC VB a C / AC ^ '^ 

d' - ti") =» o, 4 - — — - —. a"d wz'^'H' + «rVC' = i • Now, 

fuppofing as above, the motion to begin when 'W is under Z 
and jy = o, the track muft crofs CA at right angles, and with a 

velocity under Z = ^^ -• c" X wgC = v-~.l— — ^ that velocity be- 



ing then the fwifteft poffible, a, C, and x/a^+C' being 
the then velocities of the poles C, A, and B, along their 
proper tracks in abfolute fpace, the velocity x being then == 
9k and 2 = C» which are their greateft values; and then 
Z becoming without the odant ABC, the velocity y mufl: 
be negative or in a contrary fenfe to what it would be 
if Z were within the odant; that is, fince within the 
odant, y-> as we have feen, is in the fenfe from C towards 
A, it muft now be in the fenfe from A towards C ; x and 
% ftill continuing to be In the fame fenfe as if Z were 
within the o£tant, till the great circle BC V comes under Z 



Aa^ 



which then touches V^, and confequently ;ss o, / = -^r > 



z = 



f^-^ and Ml^-^ = -^^ v/Cr^A^ = the velo- 

'*'' C \ B- BC v^ABC 

city of the track under Z, which Is then the flowed, the 

correfpondent velocities of the poles A, B, and C, along 

Vol. LXXX. 4 A their 
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their own proper tracks ia abfolute fpace being then 

^^r + -:^|!~^', ^Jc-- - ^j; and a ^/i. And when V with 

the above found velocity has paffed under Z, then the velo- 
city X becomes negative ; therefore, whilft the point Z is 
within the angle formed by AC and BC produced beyond C 
both J/ and x are negative, till the great circle BC again croffing 
tinder Z at W, y is again — o, and the velocity of the track 
xinder Z the fame as when W. was Under it, the correfponding 
Velocities of the poles of the permanent axes being the fame 
alfo ; after which y will again become pofitive, x ftill conti- 
nuing negative during the time that Z is vsrithin the angle 
BC W, till it again crofies BC at V, and x is again = o, and 
the velocities of the track and permanent poles the fame as 
when V^ crolTed under Z ; afterwards the point Z being within 
the o£lant ABC, the velocities at, y, and a,, will be all pofi- 
tive till W again comes under Z, and another revolution under 
Z begins, and fa on for ever. Moreover, the track being fup- 
pofed to crofs CA aud CB, when either W or W is under Z, 

the velocity \/^^ + C^ of the pole B is the greatefl: poffible, 
being then = the greateft velocity that the fpherical furface any 
where has or can have ; and when V and V are under Z, 

C' + -r; —• = the velocity of the pole A is the fwifteft 



4 



B C 

which it can have, being then = the greateft velocity which the 
fpherical furface any where has at that inftant, fuch velocity of 
the furface being then the kaji poffible. 

Moreover, fuppofing ftiil the motion to begin when j= o, and 

05 = /=::-:^= -— ==J— — = i/ AC _, 

leC 
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1. 2 AC« X /AC . /AC J . AC 

p::-^— ===:=— P=======^ — — X "T T-f=— ._-; — ^^;. . which hers 

naturally divides into three forms or cafes, ift, — x 
"" : 2dly, ±'x ■ I! .^- ; 3dly, when 

C^ :, • bS^_.j:±_^„2^; which laft is of an 



^ = :±i-. It IS ^ X — I 
c a' a av 






eafy and-known form ; and the fluents of the two former may 
be found by help of the arcs of the conic fections; or 
otherwife, by the following contrivance. 

Suppofe a bar of metal, or other fuch like body, whofe 
centre of ofcillation is H (fig. ii.) to revolve at the earth's 
furface in a vertical plane without refiftance about the centre C, 
and that it is impelled from the loweft point S with a velocity 
equal to that which would be acquired by an heavy body in 
falling freely by the force of uniform gravity through the 
height k^ that is, if 2£' = the force of gravity, fuppofe it im- 
pelled from S with a velocity 2^gk up the femicircle SMFI, 
whoferadius CS = CH = CM = r; then, MV being parallel to 

the horizon, and SV = « ; its velocity at M muft be 2\/gk -gu^ 
and the fluxion of the arch MS = MH = =Iii|^ = -^,1^= » 



MV v', 



zru — u 



and the time of defcribing SM = — X ■; •• . .-—A ,; becaufe 

the velocity diminiihes as SV increafes, this fluxion compared 

4 A 2 with 
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with / =-- ii- X ---==p==r/:--r=== , we have 2r = ^- , k = ~i if 

therefore — ; = CH, we have, as—^- : the fluxion of the time 
of the bar's defcriblng SM :: B* : /, that is, --^- : ^/Bg :: 



'— y-- , ..,__ ■ .1. — ■ : i ; but the velocity at H.=:2gl\/k - zr = 

tla^V -xru — u'^ k — u 

TW''- ~% @;^ 9' 

s^''! \ ^ - 75- » ^^ therefore — be greater than — (which may be 

called the firft cafe) the bar will make whole revolutions round 
the centre C, and its velot ity at H = that acquired by an heavy 

body in falling through the height ^~-~ --, and at S the arch 

MH = the -femicircle. Now, when y=^o, that is, when 
W or W'' is under X,u==io, SV=:o, and when u^%r = 

--. = SH, then y: = '-^ which is the value oi f' at V and V 

above, the afcent therefore of the bar from S to H in the femi- 
circle correfponds to the motion of the body during the time 
that the quadrant of the track beginning at W and ending at 
V palles under Z, and the fluxions of the times being to one 

another as —-j : Bi, the times muft be in the fame ratio- 

confequentlyj. as -— ; x/^ig :: the time of two revolutions of 

the bar : the time of one revolution of the track WV'W^V 
under Z. , ' 

But if, as in cafe fecond, ^ be greater than -— , andrbeftill 

V' A. 

= ^ the bar can proceed no higher than till ^ = that height::^ 
-■^5 its velocity at S being.= 2^W— , when u=:o andjC and SV 
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s=o ; and when ««= -_ <f =:.-—. which is its value when z — o. 

as it ought to be, the track in this cafe, that is, when 
A;a* is greater than CC% croffing AC and AB ; the bar in this 
cafe making only ofcillations and not revolutions. But if r 

now be made = — inflead of -— -, the bar will flill make whole 

2A 2C' 

revolutions and as — : \/jB!j :: the time of two whole re vo- 

2A "^ 

lutions of the bar whofe centre of ofcillation is at -— diftance 

2A 

froSi C : the time of one revolution of the body under Z. 

Thefe cafes may be otherwife refolved by finding the length 
SC = r, fuch that the bar may make two revolutions or ofcil- 
lations whilfl the body makes one ; thus, let SV, iuftead of 
being = u, be in a conftant ratio to it, or SV = lu, and 



icl */l 



N/^"-'Wf-'« 



and comparing the homologous quan- 



/ -v^/B rl . /Tn-- , 3*/^ a^/ 



titles, ^=^,, r = s/lEg, 2rl=:^- . ^ = ,^-v/7%, ^/ 
_2CVBi ,_4C'B^ 2CB^ , €V_4C%r. , 

a^ ^ ^--W' "^--W' ^ T Al4-' "°^' ^^h"i 

fuch a bar makes whole revolutions, k muft be greater than 

2r, orl^^' than 1^, Sl'than unity, and C^ than A.^^ 

A bar therefore whofe centre of ofcillation is -^rr— diftant 

from the centre of motion, will make two whole revolutions 

whiift the whole track "V7V'W''V moves once under Z 

if 
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if CC be greater than A3' ; but if Cc' be lefs than Aa' it will 
make two whole ofcillations. In like manner it will be found, 

that if SCr-r:~^~-^, fuch bar will make whole revolutions 

e , 

when Aa'" is greater than C€\ and ofcillations when Aa* ia 
lefs tiian CC' ; and we are at liberty to make either the one 
iuppofitiou or the other. 

Cafe 3. But if AT == C€% and the track that paiTes under Z 

be a great circle of the fphere, then A,»''=:Cs', Q-=r"' -^y^*. 
M" - Ax" = At- C%\ JL =?-!::-, and the velocity under '&=^ 

TTBCrr:^v/?AB+^?BC=:^J^, which is therefore 
=: o when x=:o, or B is under Z, fuppofing that to be poflible. 
But then ^=^^^ = _x z^y- x^^, and i = _ 

: X hyp. log. of - — ~.j^ — i therefore, when at the firft inftaht 

y=Of to have the motion poflible, y muft be a negative 
quantity ; which is agreeable to what was obferved before, 
that y muft be negative within the angle ACV^; but ia 
this cafe Z can never come over V'', for then t would be 
infinite. And if the motion be fuppofed to begin when Z 
is fomewhere within the odtant ABC, where y the firft 
inftant is equal to a given quantity IB, then the fluent muft 

be fo corrected as that t = i~. x hyp. log. of 



spherical Motion. 543 

— 1^ X , but the time or motion can never 

begin at B, nor can the pole oppofite to B ever come under 
Z. And the reafon of this is alfo evident from the nature 
of the motion itfelf; for thefe being poles of a permanent 
axis, if Z were once over one of them, it muft always con- 
tinue fo. 

Having thus determined the time, velocity, and manner, 

in which the fpheiical furface that revolves with the body 
pafles under the fixed point Z, it only remains to determine 
the path of one of the poles as C of the permanent axes about 
Z in abfolute fpace, or upon a fpherical furface at reft, but 
equal and concentric with that fuppofed to move with the 
body ; for the path of one of thefe poles as C being found, 
tbofe of the other two, and indeed the path of every other in- 
variable point of the moving fpherical furface, becomes known. 
Now, the velocity with which C approaches Z is fouiid above 



a 



'*^ , and the fluxion of the arc CZr:— 



Va'^x'^'+bY ' cof, CZ 

^2--_-_ divided by the velocity gives /, whofe fluent is found 
above, and confequently the diftauce of C from Z at the end 
of any time /, there is then only wanting the angle defcribed 
by C about Z, correfponding to the diftauce CZ therefrom, to 
have the path of C about Z ; which may be found by the 
help of quadratures as follows. 

As f. ZC : velocity of C perpendicular to ZG (found above) 

« xcof. AZ + vX col. BZ .1 1 „ ,,^1 „• r r-< 1 

— ^ :: I : the angular velocity of L about 



"~ f. ZC. 

2=li22L^+4^1i2£12which velocity being multiplied by 

cof. 
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9 

- ......^^^^i~.^.~~p. the fluxion of the tune, elvres the fluxion of 

J X col. AZ — .*• X coi. B£ " 

, 1 1 r -1 3 i 'o I ^'7 cnf.ZC _ a'xcof. AZ+;! xcof. BZ 

tne ansle defcnbed by C about Z = --^^ ^ ^,.^.,^.^^^^_^_.____-^ 
-^ ^^ X t^Llt?L±£21^^E, which ia terms of ZC is by 



— f. ZC^ «^-y"xcof. ZAxcof. ZB 

cof . ZC ^«^ X f. Z;C' - * xPw^ X ? 

computation =— -— — r x —77;;^^- — r.— ^. y -T--- . — ^ ::::^' '- -■ ■■ - — ? 

where j aad «=:the fine and cofine of CW, and f, CV^ = ^ 
. — X - — -. Now, this being the fluxion of the arc to ra- 

a'' h —c " 

dius I, which is the meafure of the angle defcribed by C about 
Z in the time /; this arc in value therefore will be double the area 
of the fedor of the circle whofe radius is unity defcribed about 
Z in the fame time. Hence, having found a fedtor of a circle 
to radius unity, whofe area is half the fluent of the above 
fluxion, or the fluent of half the above fluxion, the arch-line 
of this fe6:or will be the meafure of the required angle de- 
fcribed by C about Z jn the time t. 

Let A =: -^- ' ' ^ ;^ , A being the arc, beginning when « = 
cof. ZC, whofe cofine =; -^-^ — and radius unity, and B = 

n 

— _=^L,^_,=_ B being; = the arc, beginning when CVcrZC, 
whofe Cofi:ne=~^^ and radius unity, and in fig. iz. take ZY 



r X X cof. zc , ' ^«'xf. ZC^-^X«^-C^XJ^ 

iucn that ~=~=:^"=^= 



,1/ .'"-coi. ZC^ OMs/V'-c^^a'-^ X f.ZC^ VlVCV^-1. ZC* 

may= A x — the fluxion of the curvilinear area defcribed 

about the centre Z and bounded by the ordinate ZY, whofe firfl: 
value is ZG when «*= cof. ZC, and A = o; on ZG take 

2 z 
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ZSrr I, With which radius on the centre Z defcribe the circle 
STR'' on which take ST ^ any value of A, and through T 
draw ZY = the ordinate correfponding to that value of A, and 
thus may points at pleafure be found, and the curve GY 
conftrudted. Now, when ZC~CV, the value of ZY = 



4. 



IS innnite, and if SK: 



« y/o--^ x-a^-c' X f. ZC^ Vf.C V-^-l.ZU^ 

the then value of the arc A, ZR produced will be an afymp- 
tote to the curve GY. But to remedy this inconveniency 
arifing to the conftrudioh from this infinite length of the curve ; 
produce any other radius ZR'' of the circle, till ZHrrthe firfl 

value of L\' \|- — ■ — _ .. ,., „j s=^ — "■ ■ , 

when CV?:ZC and the arc B = o, and taking ZY'' = any 
other value thereof correfponding to ferae value R'T'' of the 
arc B lefs than RS' the value thereof when n^coL ZC and 
ZY' infinite ; and thus the curve HY may be conftrufted by 
points ; let the conftrudions of both thefe curves GY and HY' 
be continued till the value of the arc ZC in the one conftruc- 
tion be equal to that in the other; then muft the fum of the 
correfponding areas ZGY+ZHY'' be equal to the infinitely 
extended area formed by each curve running out towards its 
own afymptote, each of thefe infinitely extended areas being 
equal becaufe they begin together, and are the fluents of the 

equal fluxions A x — and B x Equal to any value of the 

area ZGY, let the fedor QZR be cut off fronj. the circle whofa 
radius is unity ; then the area of this fedor = half the arc RQ == 

, „ ^ r cof.ZC „ i^^xf.ZC/-i/-7^" 

the fluent or —=== — —— ^ ^ 
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-f. zc 



and the fluent of 



A CV^ - f. zc^ 



V' 



alio = the lector 



2« V ^?. „ ^'. s^ ^ _ ,- X f. ZC X cof. zc V «'- - col. ZC^' 

QZV =fVQ^= the fluent of Bx , the former behig that 

of A X Then, fuppofing flill the motion to begin when 

yr=:o, or ZCrr;CVV, the arch QR muft be the meafure of the 
angle defcribed by C about Z in the time t ; and the whole arch 
RQ V = the meafure of the angle defcribed during the time that 
ZC from being = CW becomes = CV, that is, during one-fourth 
of the time in which the track on the fpherical furface makes 
one revolution or paffesonce under Z. Confequently, if on ZR. 
there be taken the right line ZC = the fine of CW, and on 
C V, ZC^^ = f. CV, and upon the intermediate radii as ZQ their 
correfpondent values of f. ZC, a curve drawn through all 
thefe points C, C^, C\ &c. will be the orthographical pro- 
je£tion (upon a plane 90° from Z) of that which is the locus of 
C in abfolute fpace, or upon the immoveable fpherical furface ; 
fuch locus touching the circle whofe radius ZC=:f. CW at C, 
and that whofe radius ZC'''' = f. CV at C". And the time of 
moving from C where ZC = f. CW to C where ZC^' = f. CV 
will be equal to that of a fe mi revolution a femivibration of 
the bar above found ; and every fucceeding part of the curve as 
C', C'^\ 0^^\ defcribed in the fame or an equal time will be 
perfectly equal and fimilar to C, C\ C". If the angle 
Q7JZ"" be a divifor of 360', the path will return into itfelf ; if 
not, it will crofs itfelf fomewhere as at C^, and fo on for 
ever. 



GENERAL 
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GENERAL SCHOLIA. 

I. Since the moving fpherical furface paffes under the fixed 
point Z in the fenfe from Z towards V, and the invariable pole 
or point C on that furface moves round Z In a contrary fenfe 
BCA (fig. 4. and 8.) there muft be fome point as O upon the 
furface which muft be at reft with refpeft to both thefe mo- 
tions, and which point O muft be the pole of the momentary 
axis, as will appear prefently ; for the preceding folution being 
completed without any regard to fuch axis, it may now be pro- 
per to deduce the properties of this axis therefrom, as by thefe 
means fome new light may ftill be caft upon the motion under 
confideration. 

Let O (fig. 4.) be fuch an axis, whofe properties are confi- 
dered in the propofitions preceding the laft, and let the angular 
velocity of the body about it =», cof. A0=r:/3, cof BO =7, 
cof. CO = 5; then It has been already fhewn, that \i(i = Xy 
ayrrj)/, and »J=z ; let thefe values be fubftituted for x^ y, and 
z, in the general equations of the laft propofition ; then 
|Q^ 4.^^4-^=1, ;i''4-/4-2' = a' = a'/3' + »V' + »'^% and fup- 
pofing ftill the motion to begin when y — o, 7 = 0, and «* = 
A;*4-z^ = a^-J-C^ = / ; that is, let f=the angular velocity about 
the momentary axis when its pole O croffes the great circle 

AC; then, fmce x' = ^'-^xy% and z^ = €' -^. x'+f + ^^ 
L _ 5. = _ J_ \ and «'— _il-, which therefore 



(becaufe i - j - q = ~ ;^)' ^"'^ ^'— 



y 
^+AC 



can never be conftant whilft y or BO is variable, except 

4 B 2 either 
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either -4" or — • =: o, that is, when either F — c" or d-^zU'. 

III like manner it will alfo be found, that k* = 






_ ; and J = xf rL + /™ — x— .i.and 

i2_ _f_ ^_jr Vba bc BA BCj* 

^ BA ' ~BC "^ ~BC . 

when /3r=o, or the pole of the momentary axis croffes BC, $'' = 



^ , and to have this poffible it is neceffary 



e"" e -- 

BC EC 

that C€^ be greater than ASC, and it-is above determined, that 
under the fame limitation Z muft alfo crofs BC. 

Again, from the equation -f—^ = — 2^, e*-^ = ^*-^ + 

^"■■ac ^~ba 



(J*=-^-h-~ ~-2.j and when y = o, or O crofles 



AC BCA"' ~ ^ '^ M:i 

CA,r = 4^, let-^=:^, and then r=w^ + ^'--^,orw^-r = 

^' . « AC C 

~K ~ 'tF' which is the very equation brought out by a different 
method in the firfl: fcholium to the fixth, propofition above. 
And if n — —— the cof. of the arc of which m is the fins, 
it will be found in the very fame manner that /3*=r«^ + 



~ ~ ~. Moreover, becaufe A x H"' - Ar'^By =:C x €"■ — ; 



A X a^ - s?'/3^ = Bj^y = C X €-i^-l\z 



_ AT- . _ C€" Aa^ 
Br^ + A/3'' ByVCr' CC^ 



^A«-_ Ey-+Ai3' /— „B>__ j3^y^ _g «Vf2:^« u„. 

»'' X I +;|^ = / a coaftant quantity j therefore {}» ^ i +— + 



spherical Motion. 54 a 

"-^ = 0, and /=^, or 4 = '-!^^ = the accelerating force 

ading along the toldclrcle at 90" from O. Since, when 
y = o, J)/ = o, and cof. BZ =» o, the points Z and O are both 
upon CA at the fame inftant, and when /Q = o, x~o,, and 
cof. AZ = o, alfo when <?=o, z=:o, and cof. CZ = o ; therefore 
the poles Z and O both enter the ofitant ABC at the fame ipftant ; 
both, when Cc^ is greater than AS^, crofs BC at the fame in- 
ftant but at different points, viz. Z at V where f. GV^ =:f. GW^ 

^~z^7i — ; — ■ ; — z,-. ; and O where col. BU zzy =s 



A AC A '■*■ C 

which cannot be greater than the Correfponding value of f. CV^ 
above; for, fuppofe the contrary, and that cof. BO' is greater 

than f.VC, then muft-— - p- . be greater than 



fl^a^+f^c 



cVa'+cV than ^ vr + ^ Va' x ^^ + i:^ - ^^ r>< 



cV - «'^' - ^Tc^ + al>' than bV^ - c"^ x €\ a'T xa'-l>' xc' + h' 
than e-f€ x^^-c"', a^"- x a" - b" than c'C x ?~I7% and A?/' 
than CC"' which is impoflible whilft Z croffes BC, becaufe 
it has been proved, that then 0€ is greater than h<^ v 
confequentiy O croffes BC between V and C (in fig. 8.) and 
both O and Z quit the o£tant ABC at the fame inftant; Z at 
W, and O between W and C, at the point where y — o, and 
^z__^a___^ and, as will be more fully fhewn, a great circle 

drawn from O to Z being always perpendicular to the track 

VZW. In the very fame manner it may be flievvn, that when 

Aa'' is greater than C€% and the track which paffes under Z, 

2 crofles. 
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croffes BA, both O and Z ftill enter the odant ABC together, 
both pafs over it in the fame time, and both quit it or crofs GA 
together; but in this cafe the track for Z upon the moving 
furface is lefs than, or within, that of O, Z croffing BA at a 
point nearer to A than that where O croffes it ; and O in both 
thefe cafes fliifts its place on the moving fpherical furface 
making one revohition in the time that the whole curve 
WV^'W^V takes in paffing under Z; both curves being fuch 
that in the cafes above defcibed where the projeilion of 
WV''W'V is a conic fe6lion, that of the track of O projected 
upon the fame plane will be a conic fedion alfo, that is, 
where it is Ihewn above that the projedon of WV^W^V is an 
hyperbola, that of the track O' will be an hyperbola, and an 
eliipfis where that of the other is an eilipfis. 

And when AE^ = C€^ or €^ : r :: A : C :: ^^ : /3% the track 
of O as well as Z is a great circle of the fphere, fince 

% = %-, andf.CQ'=§ X f. AQ' when O croffes CA at Q 

(fig. 4.) ; and when Z croffes CA cof. AZ=' = f. C W = 

■ ^-- j^, confequently, d being, by hypothefis, greater 

than c'", the fine of CW muft be greater than f. CQ or than 
f. CO when O croffes CA; and therefore the point where O 
croffes CA mufl be nearer C than the point where Z croffes it 
the fame inftant, in the cafe where both the tracks are great 
circles of the fphere, paffing through the fame point B. 

2. It is now well known, that the mbmentum of inertia of 
the body round the axis whofe pole is O is = M^'/G" + Mb'y + 
Mc7% and if this be drawn into \s\ the produa: Ma^ x {a^"- + 
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h'y + ef) = M X (<3V + hy 4- rs') = the whole Wi^ vha of the 
body, or becaufe radius is unity, it is = the centrifugal motive 
force of the body round the natural or momentary axis, which 
being equal to the fum of Mdx\ Miy, and McV, thofe 
round the three permanent ones, and being above proved 
to be a conflant quantity, the perturbating motive forces 
M xvJ^-c"' xjyz, 'M.xc —d ■i<.%x, and yiy. a -F' = xy^ above 
found, cannot alter the vis viva, or whole motive force of the 
body along the midcircle, or that which is 90° from O. But, 
for a more particular proof of this, let thefe oblique pertur- 
bating motive forces be refolved into three others ading in the 
diredion of the midcircle ; the firft fo refolved being = M x 
'W^" xyz(2 = M»'/2y5 X k ~ c% the fecond = M«'/3y^x c'~a\ 
and the third = M«^/S>.| x 7^=T^ ; their fum M^^/Syl x (^^ - c^ 
+ c* — ^^ + «*-^*) being=o, fhews that there is no motive 
force in the diredion of the midcircle arifing from them, 
wherefore that along the midcircle muft remain unaltered; 
But, though there is no perturbating motive force in the 
direflion of the midcircle, there is neverthelefs an accelerative 
one ading along it; for the three perturbating accelerative 

forces round the three permanent axes being —5— x yz, 

^^~''^- X zXf and ^ ~^~- xxj, thefe being refolved into the dire£lioii 

of the midcircle, their fum ii'(iySK(^—^+— — ^~~—) — 

8^jG>'Jx/—-—+-) will not be = o, but to —^ which is the 

value of %■ found in the preceding fcholium, and by the gene- 
ral properties of all fpherical motion as proved in the fourth 

propofition above is the accelerating force ading there. 

^ ^ This 



^^2 Mr. WiLDBORE on 

This matter M. Euler confiders ia a fomewhat different 
light, by finding the initial axis, or that about which, if the 
body were perfedly at reft, it would be firft urged to turn 'hy 
accelerating forces ailing upon it ; and from Scholium i. Prop. 
IV. above it appears, that if the body were at reft, and aded 

upon by three external accelerating forces- , 4 , and |,it would 

be urged to turn the firft inftant about fome axis whofe pole is 

E by a fingle force = ^- r^ "^'' ■, fuch that the five forces, 

!^Z5^, ^ , i , ^ and i will be refpedively as radius, 
cof. EA, cof. EB, cof. EC, and cof. EO, or . — ^ = 

' tx col. LA 

, and fince when the body is in 



i X cof. EB iy. cof. EC ix cof. EO 

motion, and that motion difturbed by the unequal a£tion of its 
own particles which generates accelerating forces, fuch forces 
confidered fimply in themfelves muft ftill have the fame ten- 
dency to turn the body about fome axis whofe pole is E dif- 
ferent from that whofe pole is O, and fuch that the above 
equation may ftill obtain, and if the above-found values of 

- , -^ , and - , be fubftituted therein, by means of a calculus 

tit, 

fo inftituted, the value of i, and confequently k will come 
out the very fame as by the preceding methods. 

3. It ftill remains to be ftiewn, that the point Z now deter- 
rained has the properties fhewn to be requifite in the fifth Pro- 
pofition above, vi%. that it is at reft in abfolute fpaee, and 
therefore at reft both with refpeft to the motion of the fpheri- 
cal furface, and to the velocity with which O the pole of the 
momentary axis fhifts its place. Now, by Scholium i. Prop. 

iv» 
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IV. the momentary pole fhifts its' place along its own track 

./■ 

■with- a velocity s= zldll. a^d if Z befuch as that the great 

circle OZ (fig. 4.) may always be perpendicular to the track 
WV''W^V (fig. 8.) that pafies under Z, which it muft be if 
O be the pole of motion ; then as i : is' v, {, OZ^rrcof. OY"^ : 

the fquare of the velocity of the track under Z = "Ll~L — 
il, hence f. 02.="-:^'-^., cof. OZ- = . +i, - 



"bV ^"^AC~ BV .J-"" BV. ~ >x?a^+>e' 

cof. ZO=-^^Ci££=. = f. OY; this, then, is the value of 

cof. ZO deduced from the fuppofition that it is always per- 
pendicular to the track upon the moving fpherical furface 
which paffes under Z at reft j and if this be found to agree 
with the value thereof computed by trigonometry, it will 
prove the legitimacy of that fuppofition, and that it is the" true 
value fuch as that O fhall be always the pole of the momen- 
tary axis and Z at reft in abfolute fpace. Produce BZ (fig. 4.) 
till it cuts AC perpendicularly at q ; then it is before found, 
that the fine and cofine of BZ are ms/a'x'- + 0"%'- and mV-y, thofc 
of CZ z«\/^ V + ^y and »7^"z, and as f. BZ : i :: cof. CZ t 

£ AOr^-.=i^=, andcof. Ay = - y— -^ , ^ = cof. BO, 

^2+5 = f. BO, ^- = cof. CO,, ^IH-^ f. CO as f. BO : i ':: 
cof. CO : f. QA^-^:::^, cof. QA = ~^=r, and the arch Qg 

=:AQ-A^ = the raeafure of the angle OSZ, and coCQ^s 
Vol. LXXX. 4C a' 
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_^H^V ,. . , hence cof. OZ = f. BO X f. BZ x cof. Q^ -h': 

t -.24/ A 2 . A Z ' -* 



^^^^ + 



cof. BO X cof. BZ = -^-i^L X /;; \/<2''.v'' + c'^ x cof. Q^ + - x ' 

■J ■^ w ' 



mb'-y-- X (4V + cV4.^y) = --£Ci^Ii=, the very fame as 

before, proving the truth of the fuppofitlon. And by the 
nature of the motion as rad, =z i : a :: cof. OZ = f. OY : 

Ji, -. = the velocity of the movins; fpherical furface 

at Y. Now, it does not appear, that there is any one 
point upon the varying great circle ZOY, which (in general) 
continues always the fame or invariable upon the moving 
ipherical furface, to find therefore the path of O about Z in 
abfolute fpace, it is neceffary to coniider, that the point O, where- 
foever upon the fpherical furface it is found, can have but one 
proper direction of motion and velocity with which It Ihifts its 
place ; thofe therefore in abfolute fpace, and on the moving 
furface, muft neceffarily be the fame, and confequently the 
two tracks, viz. that on the moving furface, and that on the 
fixed one or about Z in abfolute fpace, muft in all cafes 
neceffarily touch and roll. The fluxion of the track of O being 



v//3' + / + ^ = 


ABC 


/a^-Bc/p , 
Iff- "^ 


C--AB 
3" 


+ 2 J 


and the velo- 


city along it = 


//it^-BC<;^' 


/3' = 




-J becaufe y 


A^'C^^.- ^-^ 


x(a' 


-ABx<^^-«" 


r~BC^i'xs» 

r-Bcx/~ 


.- ^C X 


^S- » ^ 


a 


e'-z, r: 


- ; hence 


{a^-BCx/+«^j 


^-BCXc^-a^) 


_il* - 


- BC^M'-B'e 




h 


:^r 






»^^» 





X 
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€''-AB/)°--A*BV 



X / + a^ in like manner ^ - = €'- AB x ^ + /, and 

^!^!^^ = AC xTT?, hence the velocity ^^'^+^^ ==: 
MJr?^V^^-^-+a^-BC.^-BC;^ + e- AB X /?? 

+ ACx/ + = ABcV(~l~""^~l"'^~7 **) (becaufe 

I + AC - BC -- AB == o, and a^ + €'- = e'') which may be farther re- 

ducedtp-,^(^^ + ^j^-^--^.^^^-,-, +By; = thevelo- 

with which the momentary pole O (hifts its place along its propeC 
track ; but it ftiifts its place in a diredion perpendicular to the 
great circle ZO at O with a velocity whofe fquare is equal to 

the fquare of that laft found minus the fquare of — r- which is 

the velocity along ZO = ^^-^ x . x cof.ZO = ^^-^^^^ , 
hence then the velocity perpendicular to ZO at O —[ 

r n/C'-F- "^ ^ "*■ ^' ~ rkO = ^^^ elementary fpace perpen- 
dicular to ZO; hence the angular velocity with which O 
Ihifts its place about Z in abfolute fpace = abcx^z q J(l?~ +1 
^lE-^^LS- _ _1_V and the elementary fpace divided by f. ZO 

gives the meafure of the elementary angle, and the track of 
O in abfolute fpace may hence, conceffis quadraturis^ be con- 
ftrudted by points. But this is unneceflary . after the path of 
one of the angles C of the odant has been found; fince the 
track of O is thence given by the projedion of points ad 
libitum of the now known triangle ZOC, 

4 C 3 Hence 
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Hence then we colled, that the point Z Is fucH that the an- 
gular velocities at the points q, r, s, Y, in direftions perpendi- 
cular to the great circles drawn through Z and the poles A, B, 
C, and O, meafured at 90° diflance from Z, are all conflant 
quantities in all poffible cafes, notwithflanding the irregularity 
of the body's motion, which is a property very remarkable. 

4. If --- here be = o, ~— Ili, and F = c'', or the two lefs 

momenta of inertia are equal, which is the cafe of a fquare 
prifm, cylinder, Ipheroid, or other folid of revolution ; then 

«'=/conftant, B = C, r-~-y, ,G'=«'= ^ conftant, ^'/3' 

e e 

jJ o'^T- - cv^ _ rfr'' A,^ i ^i — ^^"^ _ 



.- x" - ci% er~ -%= € -jf" 



CV€*-/ g/C^-a'^ 



— -=======— ^X — 7=#r==» &c. as in the particular cafe 

e'- 

confidered in the 4th and 5th propofitions, the A there being 
™ B here. And hence the velocity above of O In its trackrr 

-~-=z—- as there found. Cof. OZ = a conftant quantity =^ 
~ r, and i.\jL = _ — 



a' — c^ X Bb ffi 



— , ~ — = , as there found, &c. And there- 

fore, when b is very fmall, this is much fmaller, l^eing 

b • • 

then nearly = - — - , which in the cafe of the earth is 

nearly — — , and therefore infenfible. For on the hypo- 

232 

thefis that b-=zi)'\ this quantity, or half the diurnal nu- 
tation will be lefs than the -%.th part of a fecond, and 
the whole diurnal nutation lefs than the ^'", Indeed the ./^th 

part 
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part of a fecond muft be very near the true quantity ; for, 
though the earth's figure may not be precifely that of afpheroid, 
it cannot differ from it fb much as to make any fenfible altera- 
tion in this, efpecially now it appears from the foregoing ge- 
neral folution, that the angular velocity about the axis whofe 
pole is Z is always uniform and conftant, let the figure of the 
revolving body be what it will. Neither can the progreflive or 
annual motion caufe any alteration, becaufe it cannot ^ at all 
afFe£t the rotatory or diurnal one. 

K. The remarkable property mentioned at the end of the ^d. 
of thefe general fcholia, may be more particularly exprefled 

thus: as the 1. /L^~mby : i ::j : —1 = — ^=:the an- 
gular velocity at q about the axis whofe pole isZ; in like 
manner, the angular velocity at r (fig. 4.) about the fame axis ==!, 

' •- ' - . 7 , that at s= r ,and that atY =KCof.OZ = 



city of the moving fpherical furface at every point of the 
great circle whofe node is Y, and every point of that great 
circle being at the diftance of 90° from Z, tbe angular ve- 
locity of the body round the axis at reji in ahjolute /pace ivhofe 
pole is Z will be always equable, uniform, and conjiant, not- 
withjianding the other ofcillating, vacillating motions of ^the 
body : e being the greatefl angular velocity about the mo- 
mentary axis. 

This motion, then, is of the mofl fimple and evident kindy 
and, together with that of the track under Z above deter- 
mined, limits the whole compound motion under confidera- 
tion, all the others being only aeceffary confequences of thefe ; 

f6. 
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i'o that after all the pains beftowed upon the problem, the refult 
is as fimpie as could be wifhed for; and the motion, though 
not quite fo regular, is as eafy to be conceived as that in the 
particular cafe of the folids of revolution. For the fpherical 
furface, concentric with the body, moves with an uniform and 
conftant angular velocity V about an axis JZ at reft in abfolute 
fpace, whiift the track WV''W''V upon that furface always 
paiTes Z, the pole of that axis, with a velocity =: 



V. 



■3M'- y^ 



^,-.- , ^, which, though not conftant, i-ecovers its 

jfirft value again and again in equal times, as the body revolves 
for ever. 

6. I fliall only juft add, that if P, Q, and R, be any three 
external motive forces fuppofed to a<9: upon the body in the 
dire(5lions of the three great circles BC, CA, and AB, then 

mutt— -=— - — j-xys, 77-5 = 4- yr-- x zx^ and -r-r = 

1 - — ^j— X ^ exprefs the values of the external accelerating 

forces that adl upon the body to alter its velocity about the 
three permanent axes of rotation. And when the relations of 
thofe external forces to the internal perturbating ones are given, 
a folution will hence be obtained to the more general problem, for 
determining the motion of the body, when, befides the pertur- 
bation arifing from the centrifugal force of its own particles, 
it is alfo aded upon by any external difturbing forces what- 
ever. And, if P, Q, and R, be equal to, but in contrary di- 
redions to Mj's xb"" - c% Wlzx y.c -- a', and Mxy x a^ -^ b^^ the 
perturbations vanifti, and then about whatever axis the body is 
firft impelled, it rauft continue to revolve uniformly round it 
for ever. 
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Note referred to in page 519. 

(C) Without any regard to the parallelopipedon, let the form of the body be what 

it will, if the momenta of inertia round the three permanent axes be reprefented by 

M«ff, Mbh, and Mcc, the relative motive forces round thofe axes will always be ex- 

preffed by M«*;f% MPy^, and Mc''s;% afting at the diftance of radius therefrom. 

And then, in fig. 7., the centrifugal motive force a£ting along BI, beingrrM^y, 

BI 
that aiSling along BN at N will, by the laws of central force, berrM^y x — r^ 5 

and therefore the equivalent one, adting at S perpendicular to SI, will bezr 

NI X 

:=MFj»;<' urging the point S towards B. In like manner 



Mby 



x-=Miyx. 



it is found, that the centrifugal motive force Ma^x'^ afting along CI produces 
one at S perpendicular to S>l-=.Ma''xy urging it towards C ; and the difference of 
th^ie. — yia^xy — Mb'^xy muft be the perturbating motive force at S, along the 
great circle BSC, as found by the other methods. And in the very fame manne* 
»nay thofe in the other great circles bounding the oftant be found. 




